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A B S T R A C T

Grey Wolf Optimizer (GWO) algorithm is a relatively new algorithm in the field of swarm intelligence for solving
continuous optimization problems as well as real world optimization problems. The Grey Wolf Optimizer is the
only algorithm in the category of swam intelligence which is based on leadership hierarchy. This paper has three
important aspects- Firstly, for improving the search ability by grey wolf a modified algorithm RW-GWO based on
random walk has been proposed. Secondly, its performance is exhibited in comparison with GWO and state of art
algorithms GSA, CS, BBO and SOS on IEEE CEC 2014 benchmark problems. A non-parametric test Wilcoxon and
Performance Index Analysis has been performed to observe the impact of improving the leaders in the proposed
algorithm. The results presented in this paper demonstrate that the proposed algorithm provide a better lead-
ership to search a prey by grey wolves. The third aspect of the paper is to use the proposed algorithm and GWO on
real life application problems. It is concluded from this article that RW-GWO algorithm is an efficient and reliable
algorithm for solving not only continuous optimization problems but also for real life optimization problems.
1. Introduction

Swarm Intelligence is one of the most promising area for solving real
world optimization problems. The collaboration among social creatures for
searching the food and designing an intelligent framework is known as
Swarm intelligence. Todealwithnon-linear non-convex, discontinuous and
discrete optimization problems many algorithms have been developed by
simulating the swarming behavior of various intelligent creatures like ant,
wolf, honey bees, birds and whales etc. Particle SwarmOptimization (PSO)
[1],AntColonyOptimization(ACO)[2],FireflyAlgorithm[3],ArtificialBee
Colony (ABC) [4], Spider Monkey Optimization (SMO) [5], Whale Optimi-
zation[6],GreyWolfOptimizer(GWO)[7]andmanyotheralgorithmswhich
are based on swarm intelligence have proven that these algorithms have a
great potential to deal with real world optimization problems.

One of the interesting developments in the area of numerical opti-
mization was the publication of the No Free Lunch (NFL) theorem [8].
This theorem states that the performance of all optimization (search)
algorithms, amortized over the set of all possible functions, is equivalent.
That is, if one problem can be solved by an algorithm effectively, then it is
not necessary that it will be solved effectively by another algorithm. This
theorem forms the basis of proposing many nature inspired optimization
algorithm now and then.

The Grey Wolf Optimizer (GWO) is based on leadership hierarchy
theory introduced by Mirjalili et al. [7]. GWO algorithm is relatively a
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new contribution to the family of swarm intelligence based meta-
heuristics. In the family of Swarm intelligence based algorithms, GWO is
the only algorithm which is based on leadership hierarchy. The GWO
algorithm is a simple population based algorithm which simulates the
leadership and social behavior of the grey wolf for hunting prey.

From recent years a substantial growth in the study of GWO can be
observed for solving different real life application problems. Ina Ref. [9]
GWO has been used for adjustment of PID controller parameters in DC
motors. For training q-Gaussian radial basis functional link-nets neural
network Muangkote et al. [10] have proposed the improved version of
GWO. InSongetal. [11]GWOisused for surfacewavesanalysis. InRef. [12]
GWO and DE have been used for single and multi-objective optimal flow
problem. In training of Multi-Layer perceptron (MLP) Mirjalili [13] used
GWO to analyse its performance. Shakarami and Davoudkhani [14] used a
strategy based on GWO for wide area power system stabilizer (WAPSS). In
Ref. [15] GWO is used for solving load frequency control (LFC) problem in
an interconnected power system. For the solution of non-convex economic
load dispatch problem Grey Wolf Optimizer has been used in Ref. [16].
Zhang et al. [17] have used GWO for path planning tasks. In Ref. [18] GWO
has been hybridized with crossover and mutation to solve four problems of
economic dispatch. In Ref. [19] grouped GWO has been proposed for
maximum power point tracking of doubly-fed induction generator.

For a dynamic welding scheduling problem Lu et al. [20] have used
hybrid multi-objective GWO. In Ref. [21] Hybrid version of GWO named
8
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Hybrid GreyWolf Optimizer and Genetic Algorithm (HGWOGA) has been
designed for minimizing the potential energy of molecules. Emary et al.
[22] proposed the binary version of GWO for feature selection.

These applications have shown the ability of Grey Wolf Optimizer in
terms of exploration strength compared to other metaheuristic
algorithms.

In Ref. [23] fuzzy hierarchical operators are used in GWO to present
five variants of GWO and to analyse their performance. In Heidari and
Pahlavani [24], a modified GWO with Levy flight has been proposed. In
Ref. [25] Mirjalili developed the GWO for multi-objective optimization
problems.

In this paper an improved variant of GWO, Random Walk Grey Wolf
Optimizer (RW-GWO) is proposed to increase the potential of GWO al-
gorithm. The proposed RW-GWO algorithm is obtained by improving the
leaders on the basis of some drawbacks that leading wolves in GWO have.
The performance of both these algorithms is evaluated on CEC 2014
benchmark functions.

The rest of the paper is organized as follows Section 2 provides a
motivation and brief introduction of GWO. In Section 3 motivation and
improved version of GWO named RW-GWO have been proposed. Nu-
merical results on CEC 2014 benchmark functions have been presented in
Section 4. Section 5 shows the statistical validity of the results presented
in Section 4 for the comparison between GWO and proposed version of
GWO. In Section 6 results on some real life applications are presented.
Finally, in Section 7 we conclude the paper and suggest some future
ideas.

2. Grey Wolf Optimizer (GWO)

This section briefly introduces the inspiration behind the Grey Wolf
Optimizer, physical behavior of wolf pack and working of the algorithm.
2.1. Inspiration

GWO algorithm is inspired from the leadership hierarchy and
hunting strategy of grey wolves. Grey wolves, also known as timber or
western wolves always live in a pack of approximately 5–11 wolves.
Social hierarchy is the main feature of their pack. For hunting the prey
and to maintain the discipline within pack they categorize their group
into four types of wolves. The first category consist of leader wolf called
alpha wolf ðαÞ; which can be male or female and is responsible for the
vital decisions of the pack. The wolves in the second category are the
subservient wolves that are liable to deliver the messages of alpha wolf
to the other wolves and helps the alpha wolf in making decisions like
hunting and for selecting place for residence etc. Wolves in this category
are called beta wolves ðβÞ: In the last category of the pack, the wolves
that have permission for eating food in the end are included. These
wolves are known as omega wolves ðωÞ: These wolves are very impor-
tant part of the pack because in the absence of omega wolves, pack may
face some internal problems of fighting. The remaining wolves are
categorized as delta wolves ðδÞ: In this category the caretakers, hunters
and sentinels are included. Caretaker wolves takes care of wounded
wolves in the pack. Hunters are contributing their role in hunting pro-
cess of prey and sentinel wolves work as defender of the pack from
external enemies.

The group hunting is another major and important feature of the
pack. According to Muro et al. [26] their hunting process involves three
steps – iÞ Chasing and approaching the prey. iiÞ Encircling the prey and
iiiÞ attacking the prey.
2.2. Mathematical modal

After analyzing the social behavior of grey wolves, Mirjalili et al. [7]
modelled the social behavior and hunting process to design GWO. A step
wise brief description is given below
2

2.2.1. Social behavior
By analyzing the social behavior of wolf pack the candidate having

best fitness is considered as alpha wolf or α solution. Candidates having
second best and third best fitness are called as Beta wolf or β solution and
delta wolf or δ solution and remaining solutions are considered as Omega
wolves or ω solutions. The ω solutions are iteratively improved by
following other leading wolves.

2.2.2. Encircling prey
The encircling strategy by the wolves around the prey is mathemat-

ically modelled by proposing the following equations as

Xtþ1 ¼ Xp;t � μ⋅d (1)

d ¼ ��c⋅Xp;t � Xt

�� (2)

μ ¼ 2⋅b⋅r1 � b (3)

c ¼ 2⋅r2 (4)

whereXtþ1 is the position of thewolf at ðt þ 1Þth iterationXt is the position
of thewolf at tth iteration, Xp;t is the position of the prey at tth iteration. d is
difference vector expressed by ð2Þ, μ and c are coefficient vectors and b is a
linearly decreasing vector from 2 to 0 over iterations, expressed as

b ¼ 2� 2⋅
�

t
maximum no: of iterations

�
(5)

and r1; r2 are the uniformly distributed random vectors whose component
lie between 0 and 1.

2.2.3. Hunting
Hunting strategy of the grey wolves can be mathematically modelled

by approximating the prey position with the help of α; β and δ solutions
(wolves). Therefore by following this approximation each wolf can up-
date their positions by

X0
1 ¼ Xα � μα⋅dα (6)

X0
2 ¼ Xβ � μβ⋅dβ (7)

X0
3 ¼ Xδ � μδ⋅dδ (8)

Xtþ1 ¼
�
X0
1 þ X0

2 þ X0
3

�
3

(9)

where Xα; Xβ; Xδ are the positions approximated by α; β and δ solutions
(wolves) with the help of eq. (1).

2.2.4. Exploration and exploitation in attacking prey
It is obvious that when the prey stops moving, wolf will kill the prey

and in this way they complete their hunting process. In hunting process
when or c > 1 wolf will explore the whole search space for finding the
prey (optima), and wolves will explo jμj > 1 it the search space when
jμj < 1 or c < 1: When t → maximum number of iterations, then by eq.
(5) b→0⇒μ→0 therefore in this situation coefficient c is responsible for
exploration.

In this way grey wolves complete their process of hunting by
repeating the encircling and hunting steps as described above. The
pseudo code of original GWO algorithm is presented in Fig. 1.

3. Proposed RW-GWO algorithm

3.1. Reasons behind improving the search ability by the leaders

As defined in the literature of the GWO in previous section, grey wolf



Fig. 1. Pseudo code of GWO.
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pack successfully complete their process of hunting by the guidance of
the leaders of the pack namely α; β and δ wolves of the pack.

Mathematically speaking, in GWO, each wolf update its position with
the help of these leading wolves. Thus α; β and δ wolves are the leading
responsible search agents in updating the state of each wolf and provides
an optimum direction towards the prey. Therefore it is very important
that in each iteration these leading wolves should be the best (in terms of
fitness), so that each wolf will get an optimum guidance to approach a
prey.

Since in GWO algorithm it is described that all the wolves of the pack
will update their positions according to leading wolves of the pack with
the help of eq. (9). But then the natural question arises that which leading
wolf will help in updating the position of alpha wolf as it is the dominant
wolf of the pack, and why alpha wolf will take the guidance of low fitted
(inferior) wolves beta and delta of pack to update its position? Similarly
why beta wolf will update its position with the help of low fitted (infe-
rior) wolf delta of the pack? This is the main drawback in GWO algo-
rithm, and probably this is the reason why the pack does not converge to
global optima. So during an iteration to update the position of each wolf
of the pack selection of the leading wolves is very important as each wolf
is updated by leading wolves. Therefore an improvisation is needed in
the leaders of the pack to avoid the problem of premature convergence
due to the stagnation in local optima and to main a social behavior within
the pack.

To accomplish this, in the present paper random walk based Grey
Wolf Optimizer has been proposed in which leaders explore the search
space by random walk and then omega wolves update their position by
following them.
3.2. Random walk

Random walk [27] is a random process that consists of consecutive
random steps. In mathematical terms a random walk

WN ¼
XN
i¼1

si

where si is a random step that can be taken from any random distribution.
The relationship between any two consecutive random walks is defined
as

WN ¼
XN
i¼1

si ¼
XN�1

i¼1

si þ XN ¼ WN�1 þ sN

This relationship shows that the next state WN is only dependent on
current stateWN�1 and the step taken from current state to the next state.
Step size si can be fixed or can vary. So for a wolf starting with a point x0
3

and suppose its final location is xN ; then a random walk can also be
defined as

xn ¼ x0 þ α1s1 þ α2s2 þ⋯þ αNsN ¼ x0 þ
XN
i¼1

αisi

where αi > 0 is a parameter that controls the step size si in each iteration.

3.3. Design of proposed random walk based GWO: RW-GWO

As the GWO starts with an initial population of wolves say xi; i ¼
1;2;…; n; therefore iteratively in each iteration a random walk has been
incorporated for only the leaders α; β and δ of the population in which
parameter αi has been taken as a vector that is linearly decreasing from 2
to 0 as the iterations proceed. In this proposed algorithm random walk is
incorporated in which step size is drawn from a Cauchy distribution.

The reason of considering Cauchy distributed random step size is that
as the variance of a Cauchy distribution is infinity, so it may take a longer
jump sometime that is very effective at that the time of stagnation and
thus very helpful for the leading wolves to explore the search space for
finding prey and provide a great guidance for other wolves. Here it is
noted that any extra objective function evaluation efforts are not incor-
porated in the algorithm. So the function evaluation remains same in
both the algorithm.

The pseudo code of the proposed algorithm RW-GWO is described in
Fig. 2 and the flow chart of the algorithm RW-GWO is presented in Fig. 3.

4. Numerical experiments

In this section the performance of GWO and proposed RW-GWO is
studied on the basis of the criteria of IEEE CEC 2014 benchmark func-
tions [28]. This benchmark set consists of 30 unconstrained optimization
problems of unimodal, multimodal, hybrid and composite type with
varying difficulty levels. All these numerical experiments have been
performed on MATLAB 2010a.

4.1. Benchmark functions

As per the guidelines provided by IEEE CEC 2014 [28], for each of the
test function 51 runs are performed for the dimensions 10 and 30 to
observe the performance of both the algorithms. The range of the search
space for each variable is [-100, 100]. Initial population is uniformly
generated using random number generator. The termination criteria is
set to be the maximum function evaluation ð10D � dimensionÞ:

4.2. Analysis of the results

All the results presented in this paper are in the format provided by
the IEEE CEC 2014 [28]. Table 1 shows the results obtained by per-
forming GWO and RW-GWO on CEC 2014 test functions for 10 dimen-
sion. Table 2 provides the results of the same experiment conducted for
30 dimension. In these tables maximum, minimum, mean, median and
standard deviation of the absolute error value of the objective function
value for the test functions are reported. In Tables 1 and 2 the better
results are highlighted with bold letters. As the unimodal problems are
suitable for the evaluation of exploitation strength of any search algo-
rithm, the functions F1-F3 are unimodal in CEC 2014 benchmark prob-
lem set. From Tables 1 and 2 the superior performance of RW-GWO than
GWO can be observed in all the statistics. Thus in terms of exploiting the
search regions around the explored search regions RW-GWO is better
than GWO.

The multimodal test problem usually examine the exploration
strength and local optima avoidance ability of the search algorithm. In
CEC 2014 test problems, functions F4-F16 are multimodal. For the
dimension 10, average error in RW-GWO is less than GWO in all the
functions except F11 and for the dimension 30, in all the problems RW-



Fig. 2. Pseudo code of RW-GWO.

Fig. 3. Flow chart of proposed RW-GWO algorithm.
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GWO is better than GWO in terms of average error. In terms of minimum
error RW-GWO is better than GWO in all problems except the problem
F7, F12 for 10 dimension and except F11, F14 and F15 for 30 dimension.
Thus in exploring the promising regions of the search space RW-GWO is
better than GWO in most of the problems.
4

The hybrid and composite problems are used to evaluate the strength
of avoiding stagnation problem in local optima due to massive number of
local optima and to evaluate the ability of balancing exploration and
exploitation in metaheuristic algorithm. The problems F17-F22 are
hybrid functions and F23-F30 problems are composite functions. From
the table it can be observed than for the dimension 10, in the problems
except F18 and for the dimension 30 in all the problems RW-GWO shows
its superior performance than GWO.

Overall in terms of exploring, exploiting and escaping from the
stagnation in local optima RW-GWO algorithm outperforms GWO.
4.3. Comparison with other metaheuristic algorithms

Although the structure of the Grey Wolf Optimizer algorithm is
different from other metaheuristic algorithm, so the comparison of GWO
with other search algorithms is not significant, but for solving the
particular real life optimization problem with inference based on the
their performance on standard test problems comparison can be done.
Therefore in this section, performance of RW-GWO has been compared
with the performance of state of art algorithms GSA [24,29], CS [24,30],
LX-BBO [31], B-BBO [31] and SOS [24,32] on 30 dimensional CEC 2014
problems based on the average error in objective function value. The
maximum number of function evaluations (termination criteria) is taken
same ð104 � dimensionÞ for all the algorithms for fair comparison. The
comparison is presented in Table 3. From the analysis of the results re-
ported in Table 3, it can be concluded that the proposed algorithm
RW-GWO provides a very competitive results compared to other meta-
heuristic algorithms.
4.4. Algorithm complexity

As per the guidelines of IEEE CEC 2014, the complexity of an algo-
rithm is calculated on CEC 2014 benchmark functions. The parameters
T0, T1 and T2 are same as defined in IEEE CEC 2014. T0 is the computing
time of the specified test program given in CEC 2014. T1 is the computing
time for 2� 105 function evaluations of function F18 only and T2 is
computing time taken by an algorithm to run 2� 105 function evalua-
tions of F18 only.

The algorithm complexities are shown in Table 4. For better view of
complexity Fig. 4 has been plotted. This shows that GWO has slightly
higher complexity than RW-GWO. Therefore RW-GWO is better algo-
rithm compared to GWO in terms of time complexity.



Table 1
Average, Standard Deviation, Median, Minimum, Maximum error value obtained by GWO and RW-GWO for 10-dimentional IEEE CEC2014
benchmark problems. Better results are highlighted in bold.

Function Algorithm Mean Std Dev Median Minimum Maximum

1 GWO 1.81Eþ06 1.80Eþ06 1.42Eþ06 1.59Eþ05 9.37Eþ06
RW-GWO 1.52Eþ05 6.45Eþ04 1.72Eþ05 9.98Eþ02 2.71Eþ05

2 GWO 1.03Eþ07 5.17Eþ07 1.13Eþ03 1.91Eþ02 2.65Eþ08
RW-GWO 2.19Eþ03 2.36Eþ03 1.24Eþ03 7.83Eþ01 9.28Eþ03

3 GWO 4.55Eþ03 3.50Eþ03 4.41Eþ03 9.91Eþ01 1.30Eþ04
RW-GWO 2.64Eþ01 6.46Eþ01 8.17Eþ00 1.60E-01 4.35Eþ02

4 GWO 3.27Eþ01 8.88Eþ00 3.52Eþ01 6.05Eþ00 3.80Eþ01
RW-GWO 6.55Eþ00 1.21Eþ00 6.77Eþ00 2.55Eþ00 8.89Eþ00

5 GWO 2.03Eþ01 2.41E-01 2.04Eþ01 1.87Eþ01 2.05Eþ01
RW-GWO 1.96Eþ01 2.80Eþ00 2.00Eþ01 5.00E-02 2.00Eþ01

6 GWO 1.92Eþ00 1.10Eþ00 1.79Eþ00 2.14E-01 5.54Eþ00
RW-GWO 1.49Eþ00 1.11Eþ00 1.71Eþ00 9.34E-02 3.99Eþ00

7 GWO 1.11Eþ00 8.29E-01 8.41E-01 6.78E-02 3.66Eþ00
RW-GWO 1.61E-01 5.25E-02 1.61E-01 8.06E-02 2.97E-01

8 GWO 1.05Eþ01 4.69Eþ00 8.96Eþ00 3.98Eþ00 2.59Eþ01
RW-GWO 4.51Eþ00 1.47Eþ00 3.98Eþ00 1.99Eþ00 8.96Eþ00

9 GWO 1.47Eþ01 7.13Eþ00 1.32Eþ01 6.16Eþ00 3.40Eþ01
RW-GWO 1.07Eþ01 4.70Eþ00 9.95Eþ00 3.00Eþ00 2.49Eþ01

10 GWO 3.95Eþ02 2.11Eþ02 3.78Eþ02 1.42Eþ02 1.00Eþ03
RW-GWO 1.34Eþ02 6.98Eþ01 1.49Eþ02 1.53Eþ01 2.69Eþ02

11 GWO 4.70Eþ02 2.18Eþ02 4.37Eþ02 1.31Eþ02 1.16Eþ03
RW-GWO 5.55Eþ02 1.95Eþ02 5.59Eþ02 1.25Eþ02 1.10Eþ03

12 GWO 6.08E-01 5.22E-01 4.58E-01 1.28E-02 1.58Eþ00
RW-GWO 8.93E-02 3.92E-02 7.64E-02 2.35E-02 1.84E-01

13 GWO 1.69E-01 5.81E-02 1.71E-01 7.77E-02 3.16E-01
RW-GWO 1.23E-01 3.10E-02 1.24E-01 7.47E-02 1.82E-01

14 GWO 3.37E-01 2.18E-01 2.18E-01 5.15E-02 7.09E-01
RW-GWO 1.37E-01 9.51E-02 1.26E-01 2.91E-02 5.79E-01

15 GWO 1.57Eþ00 7.89E-01 1.54Eþ00 4.47E-01 3.90Eþ00
RW-GWO 7.41E-01 1.98E-01 6.98E-01 2.96E-01 1.24Eþ00

16 GWO 2.31Eþ00 5.51E-01 2.33Eþ00 9.82E-01 3.40Eþ00
RW-GWO 2.09Eþ00 5.67E-01 2.13Eþ00 5.13E-01 3.51Eþ00

17 GWO 3.85Eþ03 3.20Eþ03 2.57Eþ03 8.23Eþ02 1.69Eþ04
RW-GWO 1.97Eþ03 1.86Eþ03 1.43Eþ03 1.19Eþ02 7.78Eþ03

18 GWO 3.59Eþ03 4.02Eþ03 1.31Eþ03 1.01Eþ02 1.52Eþ04
RW-GWO 7.09Eþ03 6.35Eþ03 6.67Eþ03 1.39Eþ01 2.24Eþ04

19 GWO 2.37Eþ00 9.09E-01 2.03Eþ00 1.34Eþ00 5.80Eþ00
RW-GWO 1.75Eþ00 6.15E-01 1.62Eþ00 5.55E-01 3.39Eþ00

20 GWO 1.45Eþ03 2.38Eþ03 1.16Eþ02 3.83Eþ01 8.18Eþ03
RW-GWO 1.47Eþ01 9.47Eþ00 1.24Eþ01 2.95Eþ00 5.18Eþ01

21 GWO 1.79Eþ03 1.69Eþ03 9.38Eþ02 1.13Eþ02 6.18Eþ03
RW-GWO 4.45Eþ02 5.43Eþ02 2.82Eþ02 3.34Eþ01 3.03Eþ03

22 GWO 1.16Eþ02 5.70Eþ01 1.46Eþ02 2.66Eþ01 1.71Eþ02
RW-GWO 6.59Eþ01 5.71Eþ01 3.73Eþ01 1.37Eþ00 1.64Eþ02

23 GWO 3.35Eþ02 4.54Eþ00 3.35Eþ02 3.29Eþ02 3.45Eþ02
RW-GWO 3.29Eþ02 8.39E-05 3.29Eþ02 3.29Eþ02 3.29Eþ02

24 GWO 1.33Eþ02 2.34Eþ01 1.27Eþ02 1.11Eþ02 2.03Eþ02
RW-GWO 1.19Eþ02 5.97Eþ00 1.19Eþ02 1.07Eþ02 1.35Eþ02

25 GWO 1.92Eþ02 1.83Eþ01 2.00Eþ02 1.37Eþ02 2.02Eþ02
RW-GWO 1.85Eþ02 2.30Eþ01 1.98Eþ02 1.32Eþ02 2.03Eþ02

26 GWO 1.00Eþ02 4.08E-02 1.00Eþ02 1.00Eþ02 1.00Eþ02
RW-GWO 1.00Eþ02 2.96E-02 1.00Eþ02 1.00Eþ02 1.00Eþ02

27 GWO 3.35Eþ02 7.15Eþ01 3.46Eþ02 4.42Eþ00 4.08Eþ02
RW-GWO 3.25Eþ02 8.60Eþ01 3.40Eþ02 1.21Eþ00 4.23Eþ02

28 GWO 4.03Eþ02 7.01Eþ01 3.71Eþ02 2.39Eþ02 6.91Eþ02
RW-GWO 3.06Eþ02 9.33E-02 3.06Eþ02 3.06Eþ02 3.07Eþ02

29 GWO 4.76Eþ04 3.35Eþ05 6.36Eþ02 3.54Eþ02 2.39Eþ06
RW-GWO 2.05Eþ02 1.64Eþ00 2.05Eþ02 2.02Eþ02 2.11Eþ02

30 GWO 1.01Eþ03 3.40Eþ02 8.99Eþ02 5.97Eþ02 2.08Eþ03
RW-GWO 3.15Eþ02 9.30Eþ01 2.82Eþ02 2.24Eþ02 5.90Eþ02
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4.5. Convergence analysis

As the fittest solution in each iteration is known as alpha solu-
tion (wolf). Therefore to analyze the convergence of the algorithms
average of alpha solution of 51 runs for different iterations of some
selected CEC 2014 functions have been plotted for 30 dimension in
Figs. 5 and 6. In these figures horizontal axis indicates the number
of iterations and the vertical axis represents the objective function
value of functions. From the figures it can be concluded that
convergence in RW-GWO is better than GWO i.e. in RW-GWO
5

leaders are converging to the optima faster and avoids stagnation
in most of the cases.

5. Statistical analysis

In this section two different statistical tools are used to analyze the
performance of GWO and RW-GWO.

I. Wilcoxon test
II. Performance Index (PI)



Table 2
Average, Standard Deviation, Median, Minimum, Maximum error value obtained by GWO and RW-GWO for 30- dimensional IEEE CEC2014
benchmark problems. Better results are highlighted in bold.

Function Algorithm Mean Std Dev Median Minimum Maximum

1 GWO 3.32Eþ07 2.02Eþ07 3.04Eþ07 8.18Eþ06 9.79Eþ07
RW-GWO 8.02Eþ06 3.31Eþ06 7.66Eþ06 2.22Eþ06 1.94Eþ07

2 GWO 1.01Eþ09 1.15Eþ09 6.10Eþ08 1.42Eþ06 5.72Eþ09
RW-GWO 2.23Eþ05 5.51Eþ05 9.28Eþ04 2.83Eþ04 3.35Eþ06

3 GWO 2.85Eþ04 6.80Eþ03 2.81Eþ04 1.58Eþ04 4.58Eþ04
RW-GWO 3.16Eþ02 4.34Eþ02 5.57Eþ01 1.23Eþ01 1.34Eþ03

4 GWO 1.94Eþ02 5.82Eþ01 1.77Eþ02 1.00Eþ02 3.83Eþ02
RW-GWO 3.41Eþ01 1.80Eþ01 2.81Eþ01 1.87Eþ01 8.29Eþ01

5 GWO 2.10Eþ01 4.83E-02 2.10Eþ01 2.08Eþ01 2.10Eþ01
RW-GWO 2.05Eþ01 7.46E-02 2.05Eþ01 2.03Eþ01 2.07Eþ01

6 GWO 1.16Eþ01 2.64Eþ00 1.17Eþ01 6.24Eþ00 1.82Eþ01
RW-GWO 9.84Eþ00 3.49Eþ00 1.03Eþ01 3.21Eþ00 1.80Eþ01

7 GWO 7.67Eþ00 4.64Eþ00 5.31Eþ00 2.27Eþ00 1.86Eþ01
RW-GWO 2.53E-01 1.43E-01 2.21E-01 8.68E-02 8.85E-01

8 GWO 6.50Eþ01 1.45Eþ01 6.25Eþ01 3.42Eþ01 1.22Eþ02
RW-GWO 4.38Eþ01 8.48Eþ00 4.34Eþ01 2.49Eþ01 6.64Eþ01

9 GWO 8.54Eþ01 3.30Eþ01 8.05Eþ01 3.88Eþ01 2.42Eþ02
RW-GWO 6.33Eþ01 1.30Eþ01 6.37Eþ01 3.41Eþ01 9.42Eþ01

10 GWO 1.80Eþ03 4.93Eþ02 1.74Eþ03 6.99Eþ02 3.08Eþ03
RW-GWO 9.61Eþ02 2.72Eþ02 9.47Eþ02 5.23Eþ02 1.60Eþ03

11 GWO 2.90Eþ03 7.24Eþ02 2.81Eþ03 1.47Eþ03 6.45Eþ03
RW-GWO 2.68Eþ03 3.68Eþ02 2.62Eþ03 1.79Eþ03 3.49Eþ03

12 GWO 2.12Eþ00 9.58E-01 2.44Eþ00 8.20E-02 3.13Eþ00
RW-GWO 5.45E-01 1.66E-01 5.17E-01 2.57E-01 1.12Eþ00

13 GWO 3.74E-01 8.88E-02 3.77E-01 2.19E-01 6.92E-01
RW-GWO 2.80E-01 6.30E-02 2.66E-01 1.85E-01 4.60E-01

14 GWO 7.49E-01 1.40Eþ00 7.08E-01 1.24E-01 1.04Eþ01
RW-GWO 4.23E-01 2.15E-01 3.01E-01 1.85E-01 7.72E-01

15 GWO 2.06Eþ01 2.20Eþ01 1.46Eþ01 3.96Eþ00 1.39Eþ02
RW-GWO 8.81Eþ00 1.51Eþ00 8.79Eþ00 5.08Eþ00 1.26Eþ01

16 GWO 1.09Eþ01 5.80E-01 1.10Eþ01 9.45Eþ00 1.20Eþ01
RW-GWO 1.03Eþ01 6.11E-01 1.02Eþ01 8.98Eþ00 1.15Eþ01

17 GWO 6.28Eþ05 6.11Eþ05 4.46Eþ05 4.61Eþ04 3.59Eþ06
RW-GWO 5.71Eþ05 4.10Eþ05 4.52Eþ05 5.68Eþ04 2.06Eþ06

18 GWO 5.27Eþ06 1.34Eþ07 2.11Eþ04 2.12Eþ03 6.41Eþ07
RW-GWO 6.52Eþ03 4.62Eþ03 6.23Eþ03 4.89Eþ02 1.83Eþ04

19 GWO 2.56Eþ01 1.77Eþ01 2.07Eþ01 7.50Eþ00 8.35Eþ01
RW-GWO 1.14Eþ01 2.03Eþ00 1.11Eþ01 7.40Eþ00 1.61Eþ01

20 GWO 1.31Eþ04 5.26Eþ03 1.19Eþ04 4.00Eþ03 2.90Eþ04
RW-GWO 6.27Eþ02 1.12Eþ03 2.66Eþ02 1.02Eþ02 6.00Eþ03

21 GWO 4.97Eþ05 1.05Eþ06 1.60Eþ05 6.12Eþ04 4.74Eþ06
RW-GWO 2.58Eþ05 1.76Eþ05 2.42Eþ05 2.60Eþ04 6.22Eþ05

22 GWO 2.50Eþ02 1.16Eþ02 1.90Eþ02 5.13Eþ01 6.32Eþ02
RW-GWO 2.08Eþ02 1.29Eþ02 1.62Eþ02 3.32Eþ01 5.43Eþ02

23 GWO 3.28Eþ02 4.16Eþ00 3.27Eþ02 3.17Eþ02 3.38Eþ02
RW-GWO 3.15Eþ02 2.77E-01 3.15Eþ02 3.14Eþ02 3.15Eþ02

24 GWO 2.00Eþ02 7.27E-04 2.00Eþ02 2.00Eþ02 2.00Eþ02
RW-GWO 2.00Eþ02 3.04E-03 2.00Eþ02 2.00Eþ02 2.00Eþ02

25 GWO 2.11Eþ02 2.04Eþ00 2.11Eþ02 2.07Eþ02 2.15Eþ02
RW-GWO 2.04Eþ02 1.18Eþ00 2.05Eþ02 2.02Eþ02 2.07Eþ02

26 GWO 1.00Eþ02 9.62E-02 1.00Eþ02 1.00Eþ02 1.01Eþ02
RW-GWO 1.00Eþ02 7.36E-02 1.00Eþ02 1.00Eþ02 1.00Eþ02

27 GWO 4.33Eþ02 1.82Eþ01 4.30Eþ02 4.03Eþ02 4.86Eþ02
RW-GWO 4.09Eþ02 6.09Eþ00 4.08Eþ02 4.03Eþ02 4.40Eþ02

28 GWO 9.14Eþ02 6.63Eþ01 9.07Eþ02 7.93Eþ02 1.12Eþ03
RW-GWO 4.34Eþ02 8.45Eþ00 4.35Eþ02 4.16Eþ02 4.53Eþ02

29 GWO 2.90Eþ05 1.57Eþ06 3.28Eþ04 4.98Eþ03 1.12Eþ07
RW-GWO 2.14Eþ02 2.37Eþ00 2.14Eþ02 2.08Eþ02 2.19Eþ02

30 GWO 2.98Eþ04 1.57Eþ04 2.71Eþ04 8.09Eþ03 6.80Eþ04
RW-GWO 6.69Eþ02 2.14Eþ02 6.62Eþ02 2.76Eþ02 1.13Eþ03
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5.1. Wilcoxon test

In order to test the statistical validity of the results obtained from RW-
GWO, non-parametric pair wise Wilcoxon test has been applied. The test
has been conducted for 5% level of significance. The results are presented
in Table 5. The following criteria has been applied for concluding the
results

1. The observed difference is highly significant if p-value � 0:01:
2. The observed difference is significant if p-value < 0:05:
3. Both the algorithms are statistically same if p-value ¼ 0:05:
6

4. The observed difference is marginally significant if p-value � 0:10:
5. The observed difference is not significant if p-value > 0:10:

On the basis of this criteria of analysis the comparative results be-
tween GWO and RW-GWO are shown in table as Aþ, Bþ, Cþ, Dþ when
RW-GWO is better with high significant than, better with significant
than, marginally better than, or not significantly better than GWO
respectively, and A, B, C and D when GWO is better with high significant
than, better with significant than, marginally better than, or not signifi-
cantly better than RW-GWO respectively. E shows that both the algo-
rithms are statistically same. Here marginally better means that if



Table 3
Comparison of average error in objective function value for 30 dimension of CEC 2014 test problems. Better results are highlighted in bold.

Problem GSA CS LX-BBO B-BBO SOS RW-GWO

1 1.57Eþ07 2.29Eþ05 1.01Eþ07 6.50Eþ06 1.95Eþ07 8.02Eþ06
2 8.89Eþ03 1.39Eþ02 5.34Eþ04 2.36Eþ04 3.61Eþ09 2.23Eþ05
3 7.32Eþ04 1.05Eþ04 1.64Eþ04 6.04Eþ03 2.38Eþ04 3.16Eþ02
4 3.68Eþ02 7.07Eþ01 9.99Eþ01 1.03Eþ02 4.14Eþ02 3.41Eþ01
5 2.00Eþ01 2.02Eþ01 3.06Eþ00 3.74Eþ00 2.07Eþ01 2.05Eþ01
6 2.88Eþ01 2.48Eþ01 1.69Eþ01 2.00Eþ01 2.48Eþ01 9.84Eþ00
7 1.99E-04 7.45E-02 1.76E-01 7.82E-02 3.38Eþ01 2.53E-01
8 1.40Eþ02 7.12Eþ01 5.53Eþ01 4.71E-01 8.10Eþ01 4.38Eþ01
9 1.65Eþ02 1.78Eþ02 7.66Eþ01 9.11Eþ01 1.73Eþ02 6.33Eþ01
10 3.35Eþ03 2.02Eþ03 1.26Eþ04 6.69Eþ03 2.40Eþ03 9.61Eþ02
11 4.06Eþ03 4.49Eþ03 1.23Eþ04 6.72Eþ03 4.48Eþ03 2.68Eþ03
12 9.10E-02 8.11E-01 1.11E-02 1.11E-02 7.37E-01 5.45E-01
13 4.03E-01 4.17E-01 6.55E-01 6.75E-01 6.85E-01 2.80E-01
14 2.30E-01 5.18E-01 6.20E-01 3.93E-01 8.39Eþ00 4.23E-01
15 1.26Eþ01 1.32Eþ01 1.55Eþ01 1.88Eþ01 2.56Eþ02 8.81Eþ00
16 1.48Eþ01 1.23Eþ01 1.08Eþ01 1.07Eþ01 1.20Eþ01 1.03Eþ01
17 7.29Eþ05 1.24Eþ05 1.46Eþ06 1.28Eþ06 5.59Eþ06 5.71Eþ05
18 3.86Eþ02 1.42Eþ03 2.90Eþ03 8.22Eþ02 4.86Eþ05 6.52Eþ03
19 1.57Eþ02 1.18Eþ01 5.19Eþ03 7.81Eþ03 4.07Eþ01 1.14Eþ01
20 8.24Eþ04 1.36Eþ02 2.61Eþ04 1.63Eþ04 1.59Eþ04 6.27Eþ02
21 1.79Eþ05 1.67Eþ03 1.11Eþ06 1.23Eþ06 7.86Eþ05 2.58Eþ05
22 9.51Eþ02 3.11Eþ02 1.88Eþ03 1.68Eþ02 5.45Eþ02 2.08Eþ02
23 2.00Eþ02 3.44Eþ02 4.11Eþ02 3.43Eþ02 3.42Eþ02 3.15Eþ02
24 2.01Eþ02 2.21Eþ02 1.48Eþ04 3.41Eþ04 2.36Eþ02 2.00Eþ02
25 2.00Eþ02 2.09Eþ02 5.29Eþ02 6.54Eþ02 2.15Eþ02 2.04Eþ02
26 1.69Eþ02 1.01Eþ02 2.13Eþ00 3.64Eþ01 1.01Eþ02 1.00Eþ02
27 7.69Eþ02 4.18Eþ02 1.96Eþ02 3.05Eþ02 4.96Eþ02 4.09Eþ02
28 7.65Eþ02 9.13Eþ02 1.94Eþ03 2.12Eþ03 1.32Eþ03 4.34Eþ02
29 2.00Eþ02 2.01Eþ02 1.98Eþ07 3.09Eþ07 2.16Eþ04 2.14Eþ02
30 2.31Eþ04 3.59Eþ03 6.96Eþ06 1.38Eþ07 3.73Eþ04 6.69Eþ02

Table 4
Algorithm complexity (in seconds).

D¼ 10 D¼ 30

T0 0.14 0.14
T1 0.78 1.38
GWO cT2 2.27 3.60

dðT2 � T1Þ=T0 10.83 16.13

RW-GWO cT2 2.15 3.52

dðT2 � T1Þ=T0 9.95 15.55

Fig. 4. Algorithm complexity of GWO and RW-GWO for dimension 10 and 30.
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between algorithm A and algorithm B observed difference is marginally
significant, then better algorithm is denoted as marginally significant
algorithm. From Table 5 it can be seen that for the dimension 10, in 22
out of 30 functions and for the dimension 30, in 26 out of 30 functions
RW-GWO is better significantly compared to GWO.
5.2. Performance index analysis

In order to investigate the performance of RW-GWO and GWO the
criteria of Performance Index as given in Deep and Thakur [33] is used in
this paper. The PI can be used to test the relative performance of different
algorithms successfully. The PI of any algorithm can be calculated by the
7

following formula

PIk ¼ 1
np

Xnp
j¼1

�
k1 α

j
1 þ k2 α

j
2

�

where αj1 ¼ Mf j
Af j and αj2 ¼ Mtj

Atj for j ¼ 1;2;…; np:

Mf j ¼ Minimum of average error value obtained by all the algorithm
in obtaining the solution for the jth function.
Af j ¼ Average error value obtained by an algorithm in obtaining the
solution for jth function.
Mtj ¼ Minimum of average time used by all the algorithm in
obtaining the solution for the jth function.
Atj ¼ Average time used by an algorithm in obtaining the solution for
the jth function.
np ¼ Total number of problems.

k1 and k2 ðk1 þ k2 ¼ 1 and 0 � k1; k2 � 1Þ are the weights assigned to
the error value and computational time respectively. From the definition of
PI it can be seen that PI is a function of k1 and k2: Ifwe consider k1 ¼ w then
k2 ¼ 1� w:PI is evaluated forw ¼ 0; 0:2; 0:4; 0:6;0:8and 1:Theobtained
results are plotted in Fig. 7, which clearly shows that when k1 ¼ 0, then PI
ofRW-GWOis lower thanGWO.PI of RW-GWOisbetter thanGWOfor k1 �
0:2:Hence it can be concluded from analysis of PI that GWO has a better PI
than RW-GWOwhen user is focused on computational time only and when
user wants an algorithm best in sense of error and computational time also
then in that case RW-GWO is recommended over GWO.
5.3. Computational complexity

Any metaheuristic algorithm should have less computational
complexity, so that the real life optimization problems can be solved in
less computational efforts. Therefore analyzing the computational
complexity of any search algorithm is very crucial to observe its effec-
tiveness on optimization problems.



Fig. 5. Convergence curves for 30D of certain CEC 2014 functions.
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The step wise computational complexity in GWO and RW-GWO in
terms of worst case of computational time can be calculated as follows-

In the first step at the time of initializing the population of wolves
both the algorithms have complexity of OðNÞ where N is the size of the
wolf population. Both the algorithms have complexity Oð1Þ for initiali-
zation of parameters b; μ and c: The leaders in both the algorithms can
be selected in OðNÞ computational efforts as for finding the leaders linear
search is performed.

The main computational steps for both the algorithms starts after the
while loop. In original GWO position is updated for each wolf, so the
computational complexity is of OðNÞ for this step. As this process of
updating the wolf runs until the maximum number of iterations are not
reached, so the computational complexity is multiplied by maximum
number of iterations say T: In the last step of the algorithm, alpha wolf
from the population of wolves can be selected in OðNÞ computational
efforts. After summing up all the complexities as discussed above, the
total computation complexity in GWO is obtained as OðT⋅NÞ:

In RW-GWO inside while loop updating the leaders by using random
walk takes Oð1Þ computational time and remaining omega wolves can be
updated in OðNÞ computational time and in the end of the algorithm
alpha wolf from the population of wolves can be selected in OðNÞ
computational efforts. After summing up all the complexities as discussed
8

above, the total computation complexity in RW-GWO is obtained as
OðT⋅NÞ:

Therefore from the worst complexity point of view both the algo-
rithms are same and the complexity for both the algorithms is found to be
OðT⋅NÞ: where T is the maximum number of iterations (termination
criteria in the algorithm GWO and RW-GWO) and N is the size of wolf
pack.

6. Applications

In order to analyze the performance of GWO and RW-GWO on real life
application problems, we implemented these algorithms on very familiar
problems- Parameter estimation for frequency-modulated (FM) problem
ðf1 Þ which is unconstrained optimization problem, optimal capacity of
gas production facilities ðf2 Þ and pressure vessel design ðf3 Þ:. Let the
most general optimization problem

Min f ðxÞ
s:t: giðxÞ � 0; i ¼ 1; 2;…;m
hjðxÞ ¼ 0; j ¼ mþ 1;mþ 2;…; p:

where gi are inequality constraints and hjðxÞ are equality constraints for
the problem.



Fig. 6. Convergence curves for 30D of certain CEC 2014 functions.

S. Gupta, K. Deep Swarm and Evolutionary Computation xxx (2017) 1–12
To deal with constraints we applied Deb's technique [34] in GWO and
RW-GWO between current and updated positions, which is one of most
popular technique for dealing with constraints. This technique follows
three feasibility rules
9

i. Feasible solution is preferred over infeasible solution.
ii. If both solutions are feasible then one having better fitness is

preferred.
iii. If both the solutions are infeasible then one having less constraint

violation is preferred.



Table 5
Results of Wilcoxon signed rank test on CEC 2014 functions.

Dimension¼ 10 Dimension¼ 30

Function p-value conclusion Function p-value conclusion

F1 1.40E-09 Aþ F1 6.15E-10 Aþ
F2 4.20E-01 D F2 5.15E-10 Aþ
F3 5.15E-10 Aþ F3 5.15E-10 Aþ
F4 7.35E-10 Aþ F4 5.15E-10 Aþ
F5 9.14E-09 Aþ F5 3.60E-10 Aþ
F6 6.76E-02 Cþ F6 1.28E-02 Bþ
F7 1.49E-09 Aþ F7 5.15E-10 Aþ
F8 3.14E-09 Aþ F8 2.36E-09 Aþ
F9 8.90E-03 Aþ F9 2.22E-05 Aþ
F10 4.94E-09 Aþ F10 1.87E-09 Aþ
F11 5.96E-02 C F11 5.46E-02 Cþ
F12 4.81E-07 Aþ F12 6.92E-09 Aþ
F13 1.36E-04 Aþ F13 3.24E-07 Aþ
F14 1.75E-06 Aþ F14 3.70E-03 Aþ
F15 7.74E-09 Aþ F15 8.49E-06 Aþ
F16 6.62E-02 Dþ F16 9.24E-05 Aþ
F17 2.47E-04 Aþ F17 7.57E-01 D
F18 4.80E-03 A F18 6.03E-08 Aþ
F19 3.82E-04 Aþ F19 3.73E-09 Aþ
F20 5.15E-10 Aþ F20 5.15E-10 Aþ
F21 8.69E-08 Aþ F21 2.09E-01 D
F22 1.69E-05 Aþ F22 4.05E-02 Bþ
F23 5.15E-10 Aþ F23 4.89E-10 Aþ
F24 3.57E-05 Aþ F24 2.27E-11 A
F25 2.09E-01 Dþ F25 4.76E-10 Aþ
F26 1.20E-01 Dþ F26 5.82E-06 Aþ
F27 2.90E-01 Dþ F27 7.13E-09 Aþ
F28 2.50E-09 Aþ F28 5.14E-10 Aþ
F29 5.15E-10 Aþ F29 5.15E-10 Aþ
F30 5.15E-10 Aþ F30 5.15E-10 Aþ

Fig. 7. Performance Index of graph of RW-GWO and GWO.

Table 6
Results on gear train design problem. Better result is highlighted in bold.

Algorithm Optimal solution fmin Max function
evaluations

x1 x2 x3 x4

RW-GWO 19 43 16 49 2:7009� 10�12 200
GWO 17 45 21 55 1:3616� 10�9 200
CS 19 43 16 49 2:7009� 10�12 5000
MBA 19 43 16 49 2:7009� 10�12 1120
GA 14 33 17 50 1:3620� 10�9 N/A
ABC 19 44 16 49 1:0742� 10�5 40,000
ALM 15 33 13 41 2:407� 10�8 N/A
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In the third rule, the constraint violation for any solution x can be
calculated as

violðxÞ ¼
Xm
i¼1

GiðxÞ þ
Xp

j¼mþ1

HjðxÞ

where

GiðxÞ ¼
�
giðxÞ if giðxÞ > 0
0 otherwise

HjðxÞ ¼
� ��hjðxÞ�� if

��hjðxÞ��� 2 > 0
0 otherwise

and 2 is predefined tolerance parameter.
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6.1. Unconstrained real life problems

6.1.1. Gear train design
The objective of this problem is to find the optimal number of tooth

for four gears of a train to minimize the gear ratio [35]. As all the decision
variables should be integer so we round off these variables to the nearest
integer.

The mathematical form of the problem is as follows -

Min f1ðxÞ ¼
�

1
6:931

� x1x3
x2x4

�2

; x ¼ ðx1; x2; x3; x4Þ ¼ ðηA; ηB; ηC; ηDÞ

s:t: 12 � x1; x2; x3; x4 � 60:

The best solution obtained by RW-GWO and other algorithms are
presented in Table 6.

The table shows that the algorithm RW-GWO solves the problem with
better objective function value compared to the original GWO algorithm.
Although the obtained solution with RW-GWO is same as algorithm CS
[36], MBA [37] but with more function evaluation cost. Also this prob-
lem has been solved by Artificial bee colony (ABC) [38], Genetic algo-
rithm (GA) [39] and ALM [40]. The results from the table verified the
better performance of RW-GWO compared to the other reported
algorithms.

6.1.2. Parameter estimation for frequency-modulated (FM) [35].
FM sound wave synthesis has an important role in some modern

music systems. The parameter optimization of an FM synthesizer is a six
dimensional optimization problem where the vector to be optimized is
x ¼ ða1; ω1; a2; ω2; a3; ω3Þ of sound wave given by eq. (17). The
problem is to generate a sound (1) similar to target (2). The problem is
highly complex multimodal one having strong epistasis with minimum
value f ðxÞ ¼ 0: The expression for estimated and target sound is as
follows

yðtÞ ¼ a1sinðω1tθ þ a2 sinðω2tθ þ a3 sinðω3tθÞÞÞ (17)

y0ðtÞ ¼ ð1:0Þsinðð5:0Þtθ � ð1:5Þsinðð4:8Þ tθ þ ð2:0Þsinðð4:9ÞtθÞÞÞ (18)

where θ ¼ 2π=100 and the parameter range is [-6.4 6.35]. The fitness
function is defined as

Min f 2 ¼
X100
t¼0

ðyðtÞ � y0ðtÞÞ2

The obtained results in terms of minimum, maximum, average and
standard deviation of the error from GWO, RW-GWO and some other
algorithms are reported in Table 7. For all the algorithms maximum
number of function evaluations is set to be 30,000 and 30 runs of each
algorithm is performed on the problem. From the Table it can be
observed that the proposed algorithm RW-GWO performs better for FM
problem compare to other reported algorithms.



Table 7
Comparison of results on frequency-modulated problem. Better results are highlighted
in bold.

Algorithm Error in objective function

Minimum Maximum Average STD

RW-GWO 0.006001 8.87117 18.7917 6.948362
GWO 1.9311 20.0383 25.1633 5.91743
CLPSO [41,42] 0.007 14.08 3.82 23.53
CPSOH [42,43] 3.45 42.52 27.08 60.61
TRIBES-D [42,44] 2.22 22.24 14.68 4.57
G-CMA-ES [42,45] 3.326 55.09 38.75 16.77

Table 9
Comparision of results on pressure vessel design problem. Better result is highlighted in
bold.

Algorithms Optimal decision vector Optimum
value

x1 x2 x3 x4
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6.2. Constrained real life problems

6.2.1. A tension/compression string design problem
The objective this problem is to minimize the weight f3ðxÞ of a ten-

sion/compression spring subject to the constraints on shear stress,
deflection, and surge frequency, outside diameter and on design vari-
ables. The decision variables are – wire diameter x1; mean coil diameter
x2 and number of active coils x3: The mathematical formulation of the
problem is given by

Min f 3ðxÞ ¼ ðx3 þ 2Þx2x21

s: t: g1ðxÞ ¼ 1� x32x3
71785x41

� 0

g2ðxÞ ¼ 4x22 � x1x2
12566ðx2x31 � x41

�þ 1
5108x21

� 1 � 0

g3ðxÞ ¼ 1� 140:45x1
x22x3

� 0

g4ðxÞ ¼ x1 þ x2
1:5

� 1 � 0

0:05 � x1 � 2; 0:25 � x2 � 1:30; 2 � x3 � 15:

This problem has been solved by metaheuristics GA [46], GSA [29]
and numerical approaches constraint correction [47] and mathematical
optimization [48] and the obtained results by these techniques with
GWO and RW-GWO are presented in Table 8. For all the algorithms
maximum number of function evaluations is set to be 30,000 and 30 runs
of each algorithm is performed on the problem. In GWOwe got only 47%
success in feasibility out of 30 runs while in RW-GWO success is 100% in
sense of feasibility. The table verified the better performance of RW-GWO
compared to other techniques.

6.2.2. Pressure vessel design [43].
This problem is very popular in literature and this problem consists of

four decision variables with four inequality constraints. In this problem
the variables R and L are continuous while Ts and Th are integer multiple
of 0.0625. The objective of this problem is to find the least fabrication
cost to obtain a design for pressure vessel. The mathematical formulation
of the problem is given by
Table 8
Comparision of results on compression string design problem. Better result is highlighted in
bold.

Algorithms Optimal decision vector Optimum
value

x1 x2 x3

RW-GWO 0.05167 0.35613 11.33056 0.012674
GWO 0.05155 0.35322 11.50405 0.012675
GA (Coello) 0.05148 0.35166 11.63220 0.012705
GSA 0.05028 0.32368 13.52541 0.012702
Constraint correction (Arora) 0.05000 0.31590 14.25000 0.012833
Mathematical Optimization
(Belegunda)

0.05340 0.39918 9.18540 0.012730

11
Min f 4ðxÞ ¼ 0:6224 x1x3x4 þ 1:7781 x2x23 þ 3:1661 x21x4 þ 19:84 x21x3
x ¼ ðx1; x2; x3; x4Þ ¼ ðTs;Th;R;LÞ
s:t: g1ðxÞ ¼ �x1 þ 0:0193 x3 � 0:

g2ðxÞ ¼ �x2 þ 0:00954 x3 � 0

g3ðxÞ ¼ �πx23x4 �
4
3
πx33 þ 1296000 � 0

g4ðxÞ ¼ x4 � 240 � 0

0 � x1; x2 � 99

10 � x3; x4 � 200

The structure of pressure vessel is optimized with GWO and RW-GWO
and the obtained results are presented in Table 9. This problem has been
solved by GA (Coello and Montes) [49] using 2, 00,000 function evalu-
ations. Same functions evaluations are used in GWO and RW-GWO to
solve this problem. GSA [29], PSO (He andWang) [50], GA (Coello) [46],
GA (Deb) [51], ES [52], Lagrangian Multiplier [40] and Branch and
Bound (Sandgen) [53] algorithms are employed on pressure vessel
problem. The obtained results from these algorithms are also reported in
Table 9. The results shows that the obtained cost is minimum in
RW-GWO compared to other reported algorithms.

7. Conclusion and future scope

This work proposes a modified version of GWO by incorporating
Random walk for leading wolves in GWO to optimize the search ability
for prey by wolf pack. Set of 30 standard benchmark problems of IEEE
CEC 2014 have taken to check the robustness of the proposed RW-GWO
algorithm. The performance of proposed algorithm is compared with
basic GWO and other metaheuristic algorithms that shows that RW-GWO
is very competitive with the other algorithms. All the analysis of the
results is done on the criteria laid by CEC 2014. From the analysis of the
results done in this article it is recommended that RW-GWO outperforms
GWO in terms of error value as well as computational time. Also RW-
GWO provides a significantly better results compared to GWO and
other state of art algorithms for sample of application problems described
in the paper.

This proposed algorithm is giving a new direction toward the
improvement of leader's search ability such that real word applications
problems can be solved. Similarly other improvement for leading wolves
can also be proposed to solve unconstrained optimization problems. Also
in future RW-GWO can be developed for solving different types of opti-
mization problems like constrained optimization problems, integer pro-
gramming problems etc.
RW-GWO 0.81250 0.43750 42.09840 176.63784 6059.736
GWO 0.87500 0.43750 44.98072 144.10807 6136.660
GA (Coello and
Montes)

0.81250 0.43750 42.09740 176.65405 6059.946

GSA 1.12500 0.62500 55.98866 84.45420 8538.836
PSO (He and
Wang)

0.81250 0.43750 42.09127 176.74650 6061.078

GA (Coello) 0.81250 0.43450 40.32390 20.00000 6288.745
GA (Deb) 0.93750 0.50000 48.32900 112.67900 6410.381
ES 0.81250 0.43750 42.09809 176.64052 6059.746
Lagrangian
Multiplier

1.12500 0.62500 58.29100 43.69000 7198.043

Branch and
Bound
(Sandgen)

1.12500 0.62500 47.70000 117.70100 8129.104
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