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Differential Evolution with Auto-Enhanced
Population Diversity
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Abstract—In differential evolution (DE) studies, there are
many parameter adaptation methods, aiming at tuning the muta-
tion factor F and the crossover probability CR. However, these
methods still cannot resolve the issues of population prema-
ture convergence and population stagnation. To address these
issues, in this paper, we investigate the population adaptation
regarding population diversity at the dimensional level and pro-
pose a mechanism named auto-enhanced population diversity
(AEPD) to automatically enhance population diversity. AEPD
is able to identify the moments when a population becomes
converging or stagnating by measuring the distribution of the
population in each dimension. When convergence or stagna-
tion is identified at a dimension, the population is diversified
at that dimension to an appropriate level or to eliminate the
stagnation issue. The AEPD mechanism was incorporated into a
popular DE algorithm and it was tested on a set of 25 CEC2005
benchmark functions. The results showed that AEPD significantly
improved the performance of the original algorithms. In addition,
AEPD helped the algorithms become less sensitive to popula-
tion size, a parameter widely considered problem dependent for
many DE algorithms. The DE algorithm with AEPD also has
a superior performance in comparison with several other peer
algorithms.

Index Terms—Differential evolution, population adaptation,
population diversity auto-enhancement.

I. INTRODUCTION

D IFFERENTIAL evolution (DE), introduced by
Storn and Price [1], is a simple yet powerful evo-

lutionary algorithm (EA) for global optimization problems.
Nowadays DE has become one of the most frequently used
EAs for solving global optimization problems [2], mainly
because it has good convergence property and is principally
easy to understand. Its effectiveness and efficiency have been
successfully demonstrated in many real-world applications,
such as procedural modeling, engineering design optimiza-
tion, power flow optimization, economic and environmental
dispatch optimization, and so on. Similar to other types of
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EA, DE also simulates the natural evolution process via
mutation, recombination and selection to evolve a population
of initially random solutions into an optimal solution.

What distinguish DE from other EAs are its two compo-
nents, which significantly influence DEs performance: the trial
vector generation strategies (mutation and crossover opera-
tors) and the control parameters. There are many different
trial vector generation strategies for DE, each of which seems
to be suitable for some particular tasks or for solving a
certain type of problems [3], [4]. There are three control
parameters in DE: the amplification factor of the difference
vector—F, the crossover control parameter—CR, and the pop-
ulation size—NP. All these three parameters significantly
affect the performance of DE algorithms [5]–[7]. The optimal
choice of the three control parameters in DE often depends on
the problems to be solved. For a specific problem, one may
need to spend a huge amount of time to try and fine-tune the
corresponding parameters. To address this issue, several adap-
tive and self-adaptive DE algorithms regarding F and CR were
developed to solve general problems efficiently [8]–[10].

Two other issues significantly affecting the performance of
DE are stagnation and premature convergence [11]. Stagnation
is the situation where DE is unable to generate a better child
solution for ever but the population has not converged [12].
That is, even though the population diversity is not poor, the
algorithm is still unable to find any better solution. Premature
convergence is the situation, where the population converges
to local optima, due to the loss of diversity.

The problem of stagnation and premature convergence
might become worse when some adaptive controls for the pop-
ulation size NP are introduced. Current adaptive methods to
control NP [13], [14] share one common problem: increasing
the population size decreases the possibility of finding correct
search directions while decreasing population size increases
the possibility of premature convergence and stagnation. The
optimal value of NP also seems to be problem-dependent.
A guideline in [1] suggested that a reasonable value for NP
could be between five and ten times the dimensionality of
a problem. However, a study in [15] argued that a popula-
tion size lower than problem dimensionality can be optimal in
many cases.

Another issue is to find the effective movements for indi-
viduals in the population. Of all the possible movements by
a population, some movements are beneficial in the search
for the global optimum while some others are ineffective and
result in a waste of computational effort [3]. How to reduce
the ineffective moves is an open issue for DE algorithms.

2168-2267 c© 2014 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.



YANG et al.: DIFFERENTIAL EVOLUTION WITH AUTO-ENHANCED POPULATION DIVERSITY 303

To address the above issue of reducing the ineffective moves
and to solve the problems of population premature and stagna-
tion, we propose a novel idea to improve the performance of a
general DE variant by diversifying a small size of population
at the dimensional level.

The rest of the paper is organized as below. Section II
reviews the related DE algorithms. The motivation of this
paper is illustrated in Section III. The mechanism of the auto-
enhanced population diversity is introduced in Section IV.
Section V presents experimental results. Finally, conclusions
are given in Section VI.

II. RELATED WORK

A. Related DE Algorithms

Many modifications and extensions have been made on DE
research. Fan and Lampinen [16] proposed a new mutation
scheme, trigonometric mutation operator, for DE to enhance
its performance. This modification enables the algorithm to get
a better trade-off between the convergence rate and robustness.
Rahnamayan et al. [17] recently proposed an opposition-based
differential evolution (ODE) for faster global search and opti-
mization. The conventional DE was enhanced by utilizing the
opposition number based optimization concept in two levels,
namely, population initialization and generation jumping. In
order to achieve a better balance between explorative and
exploitative tendencies, Das et al. [18] proposed two kinds
of topological neighborhood models and employed them into
the mutation of DE. A compact differential evolution (cDE)
algorithm was proposed in [19], where it does not process a
population of solutions but evolves in a similar way to the
original DE algorithm [1]. Mallipeddi and Suganthan [20]
proposed a DE (EPSDE) with an ensemble of mutation and
crossover strategies with associated control parameters. In
EPSDE, a pool of distinct mutation and crossover strategies
along with a pool of values for each control parameter coex-
ists throughout the evolution process and competes to produce
offsprings. A similar composite DE algorithm (CoDE) was
proposed in [21]. CoDE uses three trial vector generation
strategies and three control parameter settings, and it ran-
domly combines them to generate trial vectors. In [22], a
proximity-based mutation operator was proposed in an attempt
to efficiently guide the evolution of the population toward
the global optimum. This operator modifies the random selec-
tion of parent individuals during mutation by assigning each
individual a probability of selection, which is inversely pro-
portional to the distance between the parent and the mutated
individual. Dorronsoro and Bouvry [23] designed a heteroge-
neous distributed algorithm (HdDE) with two islands. One
island employs the classical DE/rand/1/bin algorithm and
the second one uses a mutation strategy, called (GPBX-α).
In [24], DE was reviewed under unified framework, and func-
tional requirements of initialization, selection, generation and
replacement are evaluated. This study outlines a direction for
advancing evolutionary computation methods. A clear and
fundamental algorithmic linking was established between par-
ticle swarm optimization algorithm and genetic algorithms
in [25]. For an attempt to design efficient optimization

algorithms, the concept of algorithmic linking suggests more
efforts should be made in establishing equivalence between
different genetic, evolutionary and other nature-inspired or
non-traditional algorithms.

Over the past few years researchers have investigated differ-
ent ways of improving the performance of DE algorithms by
tuning the control parameters. Liu and Lampinen [26] intro-
duced a fuzzy adaptive differential evolution (FADE) using
fuzzy logic controllers, whose inputs incorporate the relative
function values and individuals of successive generations to
adapt the parameters for the mutation and crossover operation.
Qin and Suganthan [27] proposed a self-adaptive differential
evolution (SaDE), where the choice of learning strategy and
the two control parameters F and CR do not require predefin-
ing. During evolution, suitable learning strategy and parameter
settings are gradually self-adapted, according to the learn-
ing experience. Brest et al. [28] proposed a self-adaptation
scheme for the DE control parameters. They encoded the con-
trol parameters F and CR into individuals and adjusted them
with two probabilities. In their algorithm, called jDE, a set of
F and CR values was assigned to each individual in the popu-
lation. The better values of these encoded control parameters
lead to better individuals, which, in turn, are more likely to
survive and produce offspring. jDE was further extended by
adapting two mutation strategies and the new algorithm was
named jDE-2 [29]. In order to avoid the need for problem spe-
cific parameter tuning, an adaptive DE-variant, called JADE,
was proposed [30]. The algorithm implements a new muta-
tion strategy, named DE/current-to-pbest, and uses an optional
external archive to track the previous history of success and
failures. The algorithm updates the control parameters F and
CR, associated with each individual in the population, based
on their historical record of success. A generalized adaptive
DE algorithm (GaDE) [31] is also based on the record of
success.

B. Diversity Measurements and Diversity Regain

Population diversity has an important influence on the per-
formance of evolutionary algorithms. Two kinds of approaches
have been proposed for evaluating the genotypic diversity. The
first is based on a measurement of the distance between indi-
viduals. This distance may be evaluated by the mean spatial
position of the population [32] to the position of the fittest
individual [33], or the position of each individuals. Measures
of the latter type include the pairwise measure [34]–[36]
and the maximum distance between two individuals [35].
The Euclidian distance is common for distance estimation
with real-coded genes. The second kind of approaches scans
gene frequency. Gouvêa and Araújo [37] used a represen-
tative gene to characterize population diversity. Instead of
measuring diversity on dimensions as usual, only one rep-
resentative gene was selected for diversity measurement. This
approach requires that the chosen gene must be representative.
Therefore, to avoid a misleading diversity estimation, an eval-
uation obtained from the diversity measure of all genes was
proposed in [38]. This kind of method was also used in [39] to
determine the population diversity. Morrison and De Jong [40]
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proposed the moment of inertia, which was calculated based
on the concept of the moment-of-inertia in physics, to mea-
sure population diversity. Corriveau et al. [41] surveyed the
genotypic diversity measures published over the years for real-
coded representations, and compared them based on a new
benchmark.

For DE, several methods have been proposed to maintain
population diversity. The first kind of these methods changes
the values of parameters F and CR in order to increase the
variance of the trial vectors population. The adaptive DE
algorithms such as FADE [26], SaDE [27], jDE [28] and
JADE [30], introduced in Section II-A, belong to this kind.
Besides these algorithms, Zaharie [42] theoretically analyzed
the relationship between the control parameters and population
variance and proposed a strategy to determine the excepted
values of F, CR, and NP [43], which can control the decreas-
ing rate of population variance. The second kind of methods
perturbs the population elements by reinitializing some indi-
viduals [32], [44] to maintain population diversity for solving
dynamic optimization. There is also a selectively destruc-
tive strategy [45], in which a percentage of the converged
genes remains unchanged to begin the next convergence stage,
while the other genes are reinitialized. DE can employ other
algorithms or mutation operators as a mutation operator to
increase the population diversity, like the algorithmic link-
ing in [25], the cooperative coevolving algorithm in [46]
and the adaptive DE algorithm in [47]. The third kind of
methods adopts structured populations with controlled migra-
tion to main population diversity. The DynDE algorithm tried
to keep each population on a different peak by the exclu-
sion strategy [48]. The HdDE [23] algorithm adopted two
subpopulations, and each subpopulation employs a different
mutation strategy. The two subpopulations exchange informa-
tion at several certain generation points. The above three kinds
of methods except the second kind are not able to address the
issue that the algorithm stops evolving when the population
converges. Most methods of the second kind are not able to
detect accurately the moment when a population needs to be
diversified. These methods would also rediversify the popula-
tion even though the population is not converged. This slows
down the convergence of DE algorithm and may deteriorate
the search.

III. POPULATION DIVERSITY AT

THE DIMENSIONAL LEVEL

DE employs the mutation operation to produce a mutant
vector vi,G with respect to an individual xi,G, so-called tar-
get vector, at each generation G. For each D-dimensional
target vector xi,G, its associated mutant vector vi,G =
(vi,1,G, vi,2,G, . . . , vi,D,G) can be generated via a certain muta-
tion strategy. The four most frequently used mutation strategies
in DE are listed as follows.

1) DE/rand/1

vi,G = xr1,G + F · (xr2,G − xr3,G). (1)

2) DE/best/1

vi,G = xbest,G + F · (xr1,G − xr2,G). (2)

3) DE/current-to-best/1

vi,G = xi,G + K · (xbest,G − xi,G) + F · (xr1,G − xr2,G).

(3)

4) DE/rand-to-best/1

vi,G = xr1,G + K · (xbest,G − xr1,G) + F · (xr2,G − xr3,G).

(4)

The indices r1, r2, r3 are mutually exclusive integers. They
are randomly generated within the range [1, NP], which are
also different from the index i. These indices are randomly
generated once for each mutant vector. The scaling factors
F and K are positive real numbers for scaling the difference
vector, and usually K = F. xbest,G is the individual with the
best fitness value at the generation G.

When a population gets trapped in a local optimum, indi-
viduals are almost the same. The difference vectors generated
by the mutation strategies in DE are almost zero. Therefore,
the mutation strategies cannot generate new vectors that are
far beyond the location of the current population. As a result,
the population cannot jump out of the local optimum. This
is a fatal defect of DE. Take the 5-dimensional sphere func-
tion for example. It is a classical unimodal function, which is
described as follows:

f (x) =
D∑

i=1

x2
i , xi ∈ [ − 100, 100] (5)

where D = 5 and the objective value of the global optimum
is 0 at x = (0, . . . , 0). Fig. 1 shows locations changes for
five individuals with the DE/rand/1/bin algorithm. After 200
function evaluations, all the individuals in the population are
almost the same in each dimension: x1 ≈ −4.2, x2 ≈ −32.16,
x3 ≈ 8.731, x4 ≈ −13.34, and x5 ≈ 0.1813 [see Fig. 1(a)–(e)].
The population diversity is very small, and the population has
been trapped at the location described above. Even if the evo-
lution goes on, the population will no longer improve. This
issue may be much more serious for multimodal problems
than unimodal problems. Fig. 1(f) shows the changes of stan-
dard deviation (std) in each dimension for all the individuals.
In this figure, the standard deviation value in dimension 1
(variable x1) decreases to almost zero at the end of the run
(i.e., std1 ≈ 10−15). However, in the other dimensions, the
standard deviation values of individual solutions at the end of
the run are far from zero compared with the standard deviation
of x1 (i.e., stdi ≈ 10−4, i = 2,. . . ,5), which indicates that the
population can be further improved in these dimensions.

The preliminary experimental results on the sphere func-
tion suggest that the evolutionary progress in each dimension
is asynchronous with each other. Although several mea-
surements were proposed to evaluate population diversity
(see Section II-B), they do not consider the difference among
dimensions. The diversity could be small in some dimensions
and not so small in some others. Therefore, it would be bet-
ter to measure diversity separately in each dimension, and the
information about which dimension has good diversity should
be kept in each individual.
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Fig. 1. Changes at the dimensional level of each individual in the DE/rand/1/bin algorithm on the sphere function in five dimensions with NP = 5 in a
typical run. (a) First individual. (b) Second individual. (c) Third individual. (d) Fourth individual. (e) Fifth individual. (f) Standard deviation values of each
dimension.

IV. AUTO-ENHANCED POPULATION DIVERSITY

The population should be rediversified only when it is con-
verging or stagnant. Before this rediversification, it is essential
to confirm the population is converging or stagnant. Population
premature convergence is the situation, where the population
converges to a local optimum, due to the loss of diversity.
Population stagnation is the situation where the algorithm is
unable to generate a better child solution for ever but the
population has not converged. The methods of identifying the
two situations should be different. And regarding the fact that
the evolutionary progress in each dimension is asynchronous
with each other (see Section III), the two situations should be
identified at the dimensional level.

To identify the dimension that needs to be diversified
when the population converges or stagnates, a new diver-
sity enhance mechanism named auto-enhanced population
diversity (AEPD) is introduced in this section.

A. Identification of Population Convergence

In order to measure population diversity in each dimension,
the mean and the standard deviation of individuals’ variables
in the jth dimension at the Gth generation is calculated by

mj,G = 1

NP

NP∑

i=1

xi,j,G (6)

stdj,G =
√√√√ 1

NP

NP∑

i=1

(xi,j,G − mj,G)2 (7)

where mj,G and stdj,G are the mean and standard deviation of
the population in the jth dimension at generation G, respec-
tively. The value of stdj,G is used to measure population
diversity in the jth dimension.

A smaller value of stdj,G indicates a lower population diver-
sity in the jth dimension. Theoretically, when stdj,G is equal to
zero, the population has completely converged or completely
lost its diversity in the jth dimension. For most EAs including
the DE algorithm, population diversity is large at the begin-
ning of the evolutionary process and the value of stdj,G is large
as well. Experimental studies show that it takes a very long
time for stdj,G to decrease to zero. Therefore, practically, we
use a small value ωj,G instead of zero to identify the moments
when population diversity becomes small [see (8a)]. r̄j,G is a
flag to denote whether the population has converged in the jth
dimension at the Gth generation

r̄j,G =
{

1 if stdj,G ≤ ωj,G (8a)

0 otherwise. (8b)

If stdj,G is not greater than ωj,G, r̄j,G is set to 1 to indicate
that the population has converged in the jth dimension. The
value of ωj,G is defined as follows:

ωj,G = min(T, θj,G) (9)

where

θj,G =
{ |mj,G − MRj| · T if stdj,G ≤ T (10a)

T otherwise (10b)
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and T = 10−3, MRj is the value of mj,G just before the last
diversity enhancement operation for the jth dimension (the ini-
tial value of MRj is set to the mean value mj,G of the initialized
population).

Generally speaking, the population will gradually converge
and accordingly the value of stdj,G will get smaller. When
stdj,G ≤ T , the population is assumed to be converged in
the jth dimension. Then, the value of |mj,G − MRj| is taken
into consideration. If |mj,G − MRj| is small, the population
is likely to converge to the same location as it did the last
time it converged. In such case, ωj,G is set to |mj,G − MRj|·T
[see (10a) and (9)], a smaller value than T . This can ensure
that the population would only be diversified until it converges
enough to the optimum. On the contrary, if |mj,G − MRj| is
large, the population is likely to converge to a different opti-
mum from the last time. In such case, ωj,G is set to T [see (9)]
to make sure that the population is diversified in a short time
after it starts converging.

The value of ωj,G is able to adapt to the changing informa-
tion of the population during the evolutionary process. Because
of this mechanism, the population is able to both sufficiently
exploit a revisited optimum for unimodal problems (e.g., the
sphere function) and efficiently explore new promising optima
for multimodal problems.

B. Identification of Population Stagnation

In the case of stagnation, the distribution of population does
not change for ever. In practice if the distribution, the mean
and the standard deviation of population, has not changed
for several successive generations, we consider the population
stagnant.

Suppose that λj,G denotes the number of successive gener-
ations where the values of mj,G and stdj,G remain unchanged.
For the jth dimension at the Gth generation, the value of λj,G

is calculated by

λj,G =
⎧
⎨

⎩

λj,G−1 + 1 if mj,G = mj,G−1 and

stdj,G = stdj,G−1 (11a)

0 otherwise (11b)

and λj,0 = 0. r̂j,G is a flag to denote whether the population
has stagnated in the jth dimension at the Gth generation

r̂j,G =
{

1 if λj,G ≥ UN (12a)

0 otherwise (12b)

where UN is an integer, whose value equals NP (Our experi-
mental results show that the larger population size, the more
generations it will take for the population to enter a stable stag-
nation state. Therefore, we use UN = NP). If λj,G ≥ UN, r̂j,G

is set to 1 to indicate that the population is likely to start stag-
nating in the jth dimension as its distribution has not changed
for several successive generations.

C. Enhancement of Population Diversity

rj,G is a flag to denote whether the population needs to be
rediversified in the jth dimension at the Gth generation

rj,G =
{

1 if r̄j,G = 1 or r̂j,G = 1 (13a)

0 otherwise. (13b)

Fig. 2. Population change by the way that the value of each individual at each
dimension is regenerated separately for the sphere function in 2-dimensions,
when NP = 5.

If the population starts converging (r̄j,G = 1) or stagnating
(r̂j,G = 1) in the jth dimension, rj,G is set to 1 to indicate that
the population needs to be rediversified in this dimension.

However, our experimental results show that immediate
rediversifying a converged or stagnated population in a dimen-
sion identified by the above approach may deteriorate the
search. Take the 2-D sphere function [see (5)] as an example.
Fig. 2 illustrates such a situation where we use a population
of five individuals to solve the sphere function. The square
and round points are locations of the five individuals before
and after a rediversification, respectively. According to (13a),
the second dimension (x2) of all the five individuals will be
rediversified when the population converges in that dimension.
Before the rediversification, individual 3 is the best. However,
after the rediversification, individual 4 becomes the best one.
As a result, some individuals generated by the DE/best/1 muta-
tion (e.g., individual 3) are likely to move far away from the
global optimum due to the new best individual 4. Although the
values in the first dimension (x1) for all five individuals are not
affected by the rediversification in the second dimension, the
choice of the best individual is affected. Therefore, the redi-
versification will disturb the evolution of the population, even
in those dimensions that are not selected for diversification.
Experimental results show that this affection will become more
serious for functions that have some linkages between dimen-
sions. In order to solve this issue, rediversification should be
performed only when the condition below is met

zG =
⎧
⎨

⎩
1 if

D∑
j=1

rj,G = D or randu < c (14a)

0 otherwise (14b)

where zG is a flag to denote whether the population is rediversi-
fied at the Gth generation and randu is a uniformly distributed
random number within [0, 1]. For high-dimensional problems,
it would need a large number of function evaluations to flag

all the dimensions for rediversification (i.e.,
D∑

j=1
rj,G = D). To

alleviate this issue, the population will be also rediversified
with a small probability [i.e., c in (14a)] in any dimen-
sion j where rj,G = 1. We use c = 10−3 in this paper.
This is because AEPD-JADE performs best with that value
(experimental results of the sensitivity analysis of c are pro-
vided in Tables VI and VII in the supplementary material listed
in the Appendix).
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To diversify the population in the jth dimension to handle
the above two situations, we regenerate xi,j,G+1, the jth value
of xi,G+1 = (xi,1,G+1, xi,2,G+1, . . . , xi,D,G+1), i ∈ [1, NP], as
follows:

xi,j,G+1 = lowj,G + (upj,G − lowj,G) · randnj,G (15)

where

lowj,G = min(mj,G, xlow,j)
1 (16)

upj,G = max(mj,G, xup,j).
1 (17)

xlow,j and xup,j are predefined lower and upper bounds for
the jth dimension, respectively; randnj,G is a random number
within the range [0,1] and follows a normal distribution of
mean μj,G and variance σ 2

j,G. The values of μj,G and σj,G are
as follows:

μj,G = mj,G − lowj,G

upj,G − lowj,G
(18)

σj,G = exp

(−a · k

D

)
· σ̄j,G (19)

where

σ̄j,G = max(μj,G, 1 − μj,G). (20)

k is the number of the current function evaluations and
a = 0.0005 (preliminary experiments on the sensitivity
analysis of a show that AEPD-JADE performs best with
a = 0.0005, and the experimental results are provided in
Tables VIII and IX in the supplementary material listed in
the Appendix). Equation (19) means that σj,G decreases when
k increases, but the rate of decrease becomes slower when k
becomes larger. And the decline of σj,G becomes slow as the
number of dimensions increases. If the value of σj,G is smaller
than 10−3, σj,G is set to 10−3. Equations (18) and (19) mean
that, in the next generation G+1 the newly generated vari-
able xi,j,G+1 would have a high probability of being generated
close to the current position mj,G, and a small probability of
being generated far away from the current position. In com-
parison to random reinitialization methods, this mechanism
enables algorithms to be able to both further exploit the local
area if it has not been sufficiently searched and explore other
promising areas.

Algorithm 1 illustrates the framework of the auto-enhanced
population diversity (AEPD). The fitness of rediversified indi-
viduals are evaluated and these evaluations are counted. In
order to prevent the current best solution from being destroyed,
the AEPD approach does not rediversify the best solution
found so far by the whole population. Note that, if there are
multiple copies of the best solution, only one copy is kept.
This is because more individuals are kept, more possible the
population converges again to the revisited optimum. It is more
serious for the mutation strategies in DE utilizing the informa-
tion of the best individual, such as DE/best, DE/current-to-best
and so on.

1For unconstrained functions, lowj,G and upj,G are allowed to be set
beyond of the predefined bounds. This is helpful to solve functions whose
global optima are outside of predefined range.

Algorithm 1 Auto-Enhanced Population Diversity (AEPD)
1: Compute mj,G and stdj,G for each dimension j =

1, 2, . . . , D;
2: for each dimension j = 1, 2, . . . , D do
3: Compute rj,G using Eq. (13);
4: end for
5: Compute zG using Eq. (14);
6: flagM = 0;
7: if zG equals 1 then
8: for each dimension j = 1, 2, . . . , D do
9: if rj,G equals 1 then

10: flagM = 1;
11: for each individual xi,G, i = 1, 2, . . . , NP do
12: if xi,G is not the best individual then
13: Regenerate xi,j,G+1 of the next generation

using Eq. (15);
14: end if
15: end for
16: MRj = mj,G;
17: end if
18: end for
19: if flagM equals 1 then
20: Evaluate the fitness for each individual xi,G+1, i =

1, 2, . . . , NP, except the best individual;
21: end if
22: end if

In Algorithm 1, the computational complexity of mj,G

and stdj,G (step 1) is O
(
2·D·NP

)
. For computing rj,G

(from step 2 to step 4), the computational complexity is
O

(
D

)
. And the computational complexity of zG (step 5)

is O
(
D

)
. The total computational complexity of measuring

population diversity is O
(
(2·NP+2)·D)

. The computational
complexity of rediversification (from step 8 to step 18) is
O

(
D·NP

)
. The fitness evaluations (step 20) are not con-

sidered, because these are counted into the whole function
evaluations. The total computational complexity of AEPD is
O

(
(3·NP+2)·D)

. The computational complexity of AEPD is
smaller than that of traditional methods of computing pair-
wise population diversity, whose computational complexity is
O

(
D·NP2

)
[41], and is in a same order of magnitude as the

method in [38].
AEPD reinitializes individuals to enhance population diver-

sity. It belongs to the second kind of methods for main-
taining population diversity (see Section II-B). AEPD has
three differences in comparison with existing methods in this
category. Firstly, AEPD discriminates between population con-
vergence and population stagnation and identifies the two
cases by different approaches. Secondly, considering the fact
that the evolutionary progress in different dimension is asyn-
chronous with each other (see the experimental results in
Section III), AEPD is able to determine the moment when
the population needs rediversification at the dimensional level,
i.e., the threshold value of ωj,G is different for different dimen-
sions. Thirdly, the value of ωj,G is adaptive according to
the changing information of the population during the evolu-
tionary process. Therefore, we believe AEPD would improve



308 IEEE TRANSACTIONS ON CYBERNETICS, VOL. 45, NO. 2, FEBRUARY 2015

Algorithm 2 AEPD-JADE Algorithm
1: Set μCR = 0.5, μF = 0.5 and A = ∅;
2: Generate uniform random individuals for the initial pop-

ulation P0;
3: Evaluate the fitness for each individual in P0;
4: G = 1;
5: while the stop criterion is not satisfied do
6: SF = ∅, SCR = ∅;
7: for each individual xi,G ∈ PG do
8: Generate CRi = randni(μCR, 0.1), Fi =

randci(μF, 0.1); /*randni is a random number
within the range [0,1] and follows a normal distri-
bution. randci is a random number within the range
[0,1] and follows a Cauchy distribution. */

9: Randomly choose xp
best,G as one of the 100p% best

vectors;
10: Randomly choose xr1,G �= xi,G from the current

population PG;
11: Randomly choose x̃r2,G �= xr1,G �= xi,G from PG

⋃
A;

12: vi,G = xi,G +Fi · (xp
best,G −xi,G)+Fi · (xr1,G − x̃r2,G);

13: jrand = rndint(1,D);
14: for j = 1 to D do
15: if rnd(0,1)< CRi or j == jrand then
16: ui,j,G = vi,j,G;
17: else
18: ui,j,G = xi,j,G;
19: end if
20: end for
21: if ui,j,G �∈ [xlow,j, xup,j] then
22: Use Eq. (21) to map ui,j,G to be in the search range

[xlow,j, xup,j];
23: end if
24: Evaluate the offspring ui,G;
25: if ui,G is better than xi,G then
26: xi,G+1 = ui,G; xi,G → A; CRi → SCR; Fi → SF;
27: else
28: xi,G+1 = xi,G;
29: end if
30: end for
31: Randomly remove solutions from A so that |A| ≤ NP;
32: μCR = (1 − c) · μCR + c · meanA(SCR);
33: μF = (1 − c) · μF + c · meanL(SF);
34: Implement the auto-enhancement of population diver-

sity using Algorithm 1;
35: G = G + 1;
36: end while

the performance of traditional DE variants by considering
these issues.

D. DE Algorithms With AEPD

It is very simple to apply AEPD to existing DE algo-
rithms. The AEPD mechanism is performed after DE operators
at each generation. For consistency, we name a DE algo-
rithm, which uses the AEPD approach, AEPD-DE in this

paper. For example, Algorithm 2 presents the pseudo-code
of AEPD-JADE, which combines AEPD with the JADE [30]
algorithm. Comparing with the original DE algorithms, AEPD-
DE algorithms only need one extra step (see step 34 in
Algorithm 2).

Note that, for all DE algorithms in this paper, if a trial vector
ui is generated outside of the search range in the jth dimension
after the mutation, we map ui,j to the valid search range as
follows:

ui,j =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

(N · Fmax · xup,j − xlow,j + ui,j)/(N · Fmax)

if ui,j < xlow,j

(N · Fmax · xlow,j − xup,j + ui,j)/(N · Fmax)

if ui,j > xup,j

(21)

where Fmax is the maximal value of the parameter F; N is the
number of difference vectors in the mutation operation of DE;
xlow,j and xupp,j are the predefined lower and upper bounds,
respectively.

V. EXPERIMENTAL STUDY

Twenty five test instances proposed in the CEC 2005 special
session on real-parameter optimization were used to study the
performance of the proposed AEPD. A detailed description of
these test instances can be found in [49]. In these functions,
f1–f5 are unimodal functions, f6–f12 are basic multimodal func-
tions, f13–f14 are expanded multimodal functions, and f15–f25
are hybrid composition functions. Note that, functions f7 and
f25 have no boundary constraint. Therefore, for these two func-
tions, for all algorithms we do not remap individuals that are
generated outside the initial search range during the search.

For each algorithm and each test function, 30 independent
runs were conducted with MaxFEs = 10000 × D function
evaluations as the termination criterion where D is the number
of dimensions of the problems. In our experimental studies, the
results are averaged over 30 independent runs for measuring
the performance of each algorithm.

A. Comparison of AEPD-JADE With Other Algorithms

1) Peer Algorithms: To compare the performance of
AEPD-JADE, we select ten other peer algorithms, includ-
ing eight classic DE variants and two non-DE algorithms.
The eight DE variants are DE/rand/1/bin [1], JADE [30],
jDE [28], SaDE [27], CoDE [21], Pro DE/rand/1/bin [22],
HdDE [23], and EPSDE [20]. The two non-DE algorithms
are CLPSO [50] and IPOP-CMA-ES [51]. CLPSO is a com-
prehensive learning particle swarm optimizer, which showed
good performance in solving multimodal problems [50]. IPOP-
CMA-ES is a covariance matrix adaptation evolution strategy
(CMA-ES) algorithm [52] with mechanisms of restart and
increasing population size.

The parameter settings of each peer algorithm are the same
as those used in their original papers, except that the Quasi-
Newton local search is disabled in SaDE, because the authors
did not state how to implement the Quasi–Newton local search
in this algorithm [27]. The parameters of DE/rand/1/bin were
set to F = 0.5 and CR = 0.9, which were recommended
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TABLE I
STATISTICAL RESULTS WHEN NP IS THE VALUE RECOMMENDED IN THEIR ORIGINAL PAPERS: b/n/w, WHERE b, n, AND w DENOTE THE NUMBER OF

FUNCTIONS ON WHICH AEPD-JADE PERFORMS SIGNIFICANTLY BETTER THAN, STATISTICALLY EQUIVALENT TO, AND SIGNIFICANTLY

WORSE THAN THEIR PEER ALGORITHMS, RESPECTIVELY

TABLE II
STATISTICAL RESULTS WHEN NP = 20: b/n/w, WHERE b, n, AND w DENOTE THE NUMBER OF FUNCTIONS ON WHICH AEPD-JADE PERFORMS

SIGNIFICANTLY BETTER THAN, STATISTICALLY EQUIVALENT TO, AND SIGNIFICANTLY WORSE THAN THEIR PEER ALGORITHMS, RESPECTIVELY

in [1] and [4]. We use the JADE algorithm with an archive
in this paper since it showed promising results compared with
JADE without an archive in [30]. The parameters c and p
of JADE were set to 0.1 and 0.2, which were recommended
in [30], respectively. For the algorithms DE/rand/1/bin, JADE,
jDE, SaDE, and Pro DE/rand/1/bin, the population size was
set to NP = 100 for D = 30 and NP = 200 for D = 50,
which was used in [22], [27], [28], and [30]. The popula-
tion size was set to NP = 30, NP = 100, and NP = 50 for
CoDE, HdDE, and EPSDE, respectively, as same as in their
original papers. AEPD-JADE uses the same parameter set-
tings as JADE accordingly, except that the population size
for AEPD-JADE was set to NP = 20 for all experiments.
For the CLPSO algorithm, the population size was set to
NP = ⌊

10+2·√D
⌋

, which was suggested in the standard PSO
2007 (SPSO-07) [53]. For the IPOP-CMA-ES algorithm, all
the parameters including the population size used the default
settings in [51].

Note that, we did not test HdDE in the experiments with
varying population size because HdDE was designed with two
fix-sized sub-populations.

2) Performance Comparison: Table I summarizes the sta-
tistical results of average errors of involved algorithms on all
problems with D = 30 and D = 50, where b, n, and w denote
the number of functions on which AEPD-JADE performs
significantly better than, statistically equivalent to, and signif-
icantly worse than other algorithms, respectively. In Table I,
AEPD-JADE performs much better than all other algorithms
in terms of the number of functions on which an algorithm per-
forms significantly better than its peer algorithms. Note that,
the results of average errors for all problems with D = 30 and
D = 50 are provided in Tables II and III in the supplementary
material listed in the Appendix.

We also compare all DE algorithms (except HdDE due to its
population size cannot be changed) with the same population
size NP = 20 to ensure a fair testing condition. The results
of average errors for all problems with D = 30 and D = 50
are provided in Tables IV and V in the supplementary material

listed in the Appendix. Table II summarizes the statistical results.
In Table II, AEPD-JADE performs much better than all other
algorithms in terms of the number of functions on which an
algorithm performs significantly better than its peer algorithms.

B. Comparison Between Algorithms With and without AEPD

1) Comparison of Small Population Size: In this subsec-
tion, we investigate the impact of AEPD on the DE algorithms
(except HdDE due to its population size cannot be changed)
in case the population size is small (NP = 6).2 The parameter
settings are the same as the settings in Section V-A1 except
for the population sizes, which were set to 6 for all the tested
algorithms in this subsection.

Table III summarizes the results of average errors on each
function with D = 30 over 30 independent runs. For each
function, the best result of all algorithms is shown in bold font.
From the results, AEPD-JADE performs significantly better
than DE/rand/1/bin, JADE, jDE, SaDE, Pro DE/rand/1/bin, and
EPSDE on all functions except for f8 where its performance is
equivalent to JADE and slightly worse than SaDE. Compared
with CoDE, AEPD-JADE performs significantly better than
CoDE on most functions. Using the same small population
size (i.e., NP = 6), the other algorithms cannot achieve a good
performance even though JADE, jDE, and SaDE have adaptive
F and CR to adjust their population diversity.

2) Impact of Population Size: The objectives of this subsec-
tion are to check if AEPD is helpful for other DE variants
and to study the impact of population size on the per-
formance of AEPD-DE algorithms. To achieve the above
objectives, we apply AEPD to four conventional and six adap-
tive DE algorithms, which are DE/rand/1/bin, DE/best/1/bin,
DE/current-to-best/1/bin, DE/rand-to-best/1/bin [see (1)–(4)],
JADE, jDE, SaDE, CoDE, Pro DE/rand/1/bin, and EPSDE,
respectively. To simplify the experimental study, only the shifted
sphere function f1 (a unimodal function) and the hybrid com-
position function f15 (a multimodal function) with D = 30 were

2We chose NP = 6 because for CoDE [21] the smallest acceptable
population size is 6.
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TABLE III
AVERAGE ERROR VALUES ± STANDARD DEVIATIONS ARCHIVED BY THE TESTED ALGORITHMS ON THE 25 30-DIMENSIONAL CEC05 BENCHMARK

FUNCTIONS OVER 30 INDEPENDENT RUNS WITH NP = 6. b, n, AND w DENOTE THE NUMBER OF FUNCTIONS ON WHICH AEPD-JADE PERFORMS

SIGNIFICANTLY BETTER THAN, STATISTICALLY EQUIVALENT TO, AND SIGNIFICANTLY WORSE THAN ITS PEER ALGORITHMS, RESPECTIVELY

used. The parameter settings are the same as the settings in
Section V-A1 except that the population size for each algorithm
varies from NP = 6 to NP = 100. Fig. 3 shows the comparison
of average errors over 30 independent runs for each pair of
algorithms with different population sizes.

From Fig. 3, it can be seen that AEPD does make the tested
algorithms much less sensitive to the parameter of popula-
tion size. The extended algorithm in each pair of algorithms
performs much better than the original algorithm except the
cases of CoDE where there is no significantly difference on
f1 and EPSDE where the performance gets worse on f1 when
NP = 6. For EPSDE, a small population is sufficient to solve
the unimodal function f1. In this case, the rediversification
brought by AEPD would slow down the convergence of pop-
ulation, so AEPD-EPSDE performs worse than EPSDE on f1
when NP = 6. The performance gets worse as population size
increases for AEPD-SaDE on f15. A similar trend is also seen
for AEPD-CoDE and AEPD-EPSDE on these two functions.
Therefore, population size should be small for algorithms
using AEPD. This is because in AEPD population diversity is
enhanced by rediversification rather than by the introduction
of new individuals.

Different from other algorithms where population diversity
is enhanced by introducing new individuals, the AEPD mech-
anism is able to diversify the population automatically either
to further exploit the same area or to explore new promising
areas as necessary. Therefore, a small population size may
not affect the exploitation/exploration of AEPD. This helps
avoid using a large population, which in turns may increase
computational cost. This advantage of AEPD will be further
investigated in the following subsection.

3) Comparison of Ineffective Moves: For an individual, an
ineffective move is a move to its trial vector that does not

improve its fitness. The smaller number of ineffective moves
an algorithm generates, the more better individuals the algo-
rithm generates. In order to show the improvement of AEPD
for an algorithm regarding reducing the ineffective moves, we
compute a measure named the ineffective moving ratio. This
measure is calculated as the ratio of the number of ineffective
moves to the number of all moves generated by DE operators
over all generations.

An experimental study was performed on seven pairs
of algorithms (DE/rand/1/bin ± AEPD, JADE ± AEPD,
jDE ± AEPD, SaDE ± AEPD, CoDE ± AEPD, Pro
DE/rand/1/bin ± AEPD, and EPSDE ± AEPD) on each func-
tion with D = 30. The parameter settings of all algorithms
are the same as used in Section V-A1. Table IV summarizes
the mean ratios over 30 independent runs. s1 is the mean
ratio of the original algorithms with NP = 20; s2 is the mean
ratio of the original algorithms with their original NP values
(see Section V-A1); and s3 is the mean ratio of the original
algorithms plus AEPD and NP = 20. For each algorithm, the
smallest value on each function is shown in bold font. Table V
summarizes the statistical results of Table IV, where b, n and
w denote the number of functions on which the value of s
in the first column is significantly smaller than, statistically
equivalent to, and significantly larger than the value of s in
the current row, respectively.

The experimental results show that for JADE, jDE, CoDE,
and EPSDE algorithms, the population prematurely converged
on most functions, when NP = 20. Therefore, for these
four algorithms, in Table IV, the average values of s1 are
larger than s2. Table V also confirms that this difference is
significance in most most cases. However, when these four
algorithms are combined with AEPD, their ratios of ineffec-
tive moves (s3) decrease significantly. The results show that
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Fig. 3. Average error results of the ten pairs of algorithms with different population sizes on 30-dimensional f1 and f15 over 30 independent runs. (a) Shifted
sphere function f1. (b) Hybrid composition function f15.

AEPD enables population to continue to evolve by diversify-
ing the prematurely converged population. It should be noted
that increasing population size may increase the number of
ineffective moves, as can be seen from the comparisons in
Table IV and V between s1 and s2 for DE/rand/1/bin, SaDE,
and Pro DE/rand/1/bin algorithms. Therefore, we suggest that
the population size of algorithms with AEPD should be small.

Intuitively, the more better individuals an algorithm gen-
erates, the more possibly its population moves close to the
global optimum. However, our experimental results show that
the best solution got by an algorithm with a small ineffective
moving ratio is not absolutely better than the best solution got
by an algorithm with a large ineffective moving ratio. For an
algorithm, a small ineffective moving ratio indicates that it has
a good search capability.

C. Sensitivity Analysis of the Parameter T of AEPD

The parameter T determines the value of ωj , which is the
threshold to check if population diversity is poor in the jth

dimension [see (8a)]. The choice of T would affect the per-
formance of algorithms with AEPD, and it may also relate to
the choice of the population size. To find out a good choice
of T , we compare the performance of AEPD-JADE algorithm
with different combinations of T = {1, 10−1, 10−2, . . . , 10−6}
and NP = {6, 10, 20, . . . , 100} on the hybrid composition
function f15 (a multimodal function). Note that, the value of
T is expected below 1 as the diversity threshold ωj should be
small enough to make sure it can check that the population has
been converging in a dimension. The other parameter settings
of AEPD-JADE are the same as the settings in Section V-A1.
Table VI summarizes the results of average errors over 30
independent runs. For each NP setting, the best result of
algorithms with different values of T is shown in bold font.

From the results, two observations can be seen. Firstly,
population size does affect the choice of T on the perfor-
mance of AEPD-JADE. However, the affection is obvious only
when population size is small (e.g., NP < 20). Under a same
value of T , the mean errors are almost the same for different
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TABLE IV
AVERAGE RATIOS OF INEFFECTIVE MOVES ON THE 25 30-DIMENSIONAL CEC05 BENCHMARK FUNCTIONS OVER 30 INDEPENDENT RUNS WHERE s1,

s2, AND s3 ARE THE RATIO SCORES OF THE ORIGINAL ALGORITHMS WITH NP = 20, THE ORIGINAL ALGORITHMS WITH ORIGINAL NP VALUES

(SECTION V-A1), AND THE ORIGINAL ALGORITHM PLUS AEPD AND NP = 20, RESPECTIVELY

TABLE V
STATISTICAL RESULTS OF TABLE IV: b/n/w, WHERE b, n, AND w DENOTE THE NUMBER OF FUNCTIONS ON WHICH THE VALUE OF s IN THE FIRST

COLUMN IS SIGNIFICANTLY SMALLER THAN, STATISTICALLY EQUIVALENT TO, AND SIGNIFICANTLY LARGER THAN THE VALUE OF s
IN THE CURRENT ROW, RESPECTIVELY

TABLE VI
AVERAGE ERROR VALUES ± STANDARD DEVIATIONS ARCHIVED BY THE AEPD-JADE ALGORITHMS WITH DIFFERENT VALUES

OF T AND NP ON 30-DIMENSIONAL f15 OVER 30 INDEPENDENT RUNS

population sizes when NP ≥ 20. Secondly, under a same value
of NP when NP ≥ 20, there is no significant difference in the
mean errors with different values of T . In addition, the errors
in the cases that NP ≥ 20 are much better than the errors in
the cases that NP < 20. According to the results in Table VI,
we suggest T = 10−3 for algorithms with AEPD.

D. Working Mechanism of AEPD

The above experimental studies show that AEPD does
improve the performance of classic DE variants. In this sub-
section, we will investigate the working mechanism of AEPD

through the AEPD-DE/rand/1/bin algorithm on the Ackley
function, a multimodal and nonseparable function, which is
as follows:

f (x) = −20 exp

⎛

⎝−0.2

√√√√ 1

D

D∑

i=1

x2
i

⎞

⎠

− exp
( 1

D

D∑

i=1

cos(2πxi)
)

+20 + exp(1), xi ∈ [ − 32, 32]. (22)
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Fig. 4. Working mechanisms of AEPD by the AEPD-DE/rand/1/bin algorithm on the 5-dimensional Ackley function, when NP = 5. (a) Mean value of
individual variables in each dimension. (b) Standard deviation value of individual variables in each dimension.

The global optimum of this function is x=(0,. . . , 0).
In order to further investigate the working mechanism of

AEPD, we present the result of AEPD-DE/rand/1/bin on the
Ackley function with D = 5. Fig. 4(a) and (b) show the
progress of the algorithm for mj (6) and stdj (7), respectively.
The vertical axis of Fig. 4(b) is the logarithmic value of stdj,
so the curve will be broken when stdj decreases to 0.

After the evolutionary process begins, the population grad-
ually converges: it is able to converge nearby the global
optimum in three of the five dimensions after 255 function
evaluations [see Fig. 4(a)]. The evolution speed of the popu-
lation is not the same in all dimensions. When the number of
evaluations reaches 255, the value of stdj in each dimension
decreases below the value of ωj [see Fig. 4(b)]. Therefore,
the population is regenerated. Accordingly, for each dimen-
sion, the mean value mj changes and the standard deviation
stdj increases. After the first population regeneration the pop-
ulation converges around the global optimum in four of the
five dimensions when the number of evaluations reaches 524.
The values of stdj decrease below the value of ωj again.
Thereafter, another population regeneration occurs. The popu-
lation repeats the above process. After a few generations, the
population stagnates when the number of evaluations reaches
976, where the values of mj and stdj in all dimensions remain
unchanged. The stagnation status is identified by AEPD and
the population is regenerated again. After several generations,
the population converges around the global optimum. From
Fig. 4(a), it can be seen that for all dimensions the population
is able to converge gradually to the global optimum on the
tested function.

The experimental results show that, based on the
current population status and the evolving history,
AEPD-DE/rand/1/bin is able to adaptively adjust its
population diversity to appropriate levels at appropriate
moments on the tested function.

VI. CONCLUSION

In order to improve the performance of DE algorithms,
this paper proposes a novel population adaptation approach
(AEPD) that enables DE algorithms to adaptively enhance
their population diversity to stop the population from being
converged or stagnated. Different from existing traditional
population adaptation methods that aim to adjust population
diversity by tuning population size, the proposed approach
does not change population size but diversifies a population.
And the diversification is implemented at the dimensional
level, i.e., the population is diversified only in the dimensions
that need to be diversified.

A set of 25 CEC2005 benchmark functions are selected
to compare the performance between the DE algorithms with
AEPD and other peer algorithms. From the experimental
results in this paper, several conclusions can be drawn.

Firstly, from the experimental investigation on the working
mechanism of AEPD, it can be seen that AEPD is able to
relieve the premature and stagnation problem to some extent.
By analyzing the current population and previous learning,
AEPD can auto-diversify the population when it is identi-
fied as converged or stagnated. Secondly, AEPD is able to
enhance the performance of DE algorithms at least on the
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JADE algorithms, in particular when the search space is large.
Thirdly, AEPD is also able to make algorithms much less sen-
sitive to the parameter of population size, so the algorithms
with AEPD can also be competitive even if the population size
is small. Fourthly, the fact that the evolutionary progress of a
population in different dimensions is not strictly synchronous
should be addressed in the future. Finally, the ineffective mov-
ing ratio can be reduced by the AEPD approach on most tested
algorithms. And interestingly, reducing the ineffective moving
ratio may be a promising research method to improve the per-
formance of DE algorithms. In addition, the AEPD approach
can be used in any existing DE algorithms and even other
kinds of real-coded EAs, such as PSO and GA.

For future work of this paper, two interesting issues should
be addressed for AEPD-DE algorithms. The first one is that
explored areas in the search space should be avoided to save
computing resources. Applying the AEPD-DE algorithms to
real-world problems is also an interesting topic.

APPENDIX

SUPPLEMENTARY MATERIAL AVAILABLE ON THE WEB

The detailed experimental results in the supplementary
material consist of the following two parts.

1) The comparison of AEPD-JADE with other algorithms:
the results of average errors over 30 independent runs
on each function with dimensions D = 30 and D = 50.

2) The sensitivity studies of the parameter c in (14a) and
the parameter a in (19): the results of average errors over
30 independent runs on each function with dimension
D = 30.

These results are available at http://cs.cug.edu.cn/teacherweb/
yangming/documents/AEPD-supplement.pdf.
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